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1 Introduction 



1.1 Motivations 



Processes In the context of concurrency theory , several notions of "behaviour 
of a process" and " behavioural equivalence between processes" have been pro- 
posed. Among them, the notion of bisimulation equivalence seems to play a 
prominent role ( see |Mil89|). The question of whether this equivalence is decid- 
able or not for various classes of infinite processes has been the subject of many 
works in the last ten years (see for example |BBK87|JCau90|jHS91||CHM93| , pH94t , 
pJM9^JCH^pau95pn9^an97| , p6n9^ | ) . 

The aim of this work is to show decidability of the bisimulation equivalence 
for the class of all processes defined by pushdown automata whose e-transitions 
are deterministic and decreasing (of course, we assume that e-transitions are not 
visible, which implies that the graphs of the processes considered here, might 
have infinite in-degree). This problem was raised in |Cau95] ( see Problem 6.2 of 
this reference ) and is a significant subcase of the problem raised in | Sti96[] (as 
the bisimulation-problem for processes " of type -1"). 



Infinite graphs A wide class of graphs enjoying interesting decidability prop- 
erties has been defined in [Cou8£,Bau91 Bau92| (see [Cou90a| for a survey). In 
particular it is known that the problem 

" are r, r' isomorphic? 

is decidable for pairs r, r' of equational graphs. It seems quite natural to inves- 
tigate whether the problem 

" are r, r' bisimilar? 



is decidable for pairs r, r' of equational graphs. We show here that this problem 
is decidable for equational graphs of finite out-degree. 



Formal languages Another classical equivalence relation between processes is 
the notion of language equivalence . The decidability of language equivalence for 
deterministic pushdown automata has been recently established in | Sen971:| ( 
see also in |Sen97d Sen97c ] shorter expositions of this result). It was first noticed 
in [BBK87| that , in the case of deterministic processes, language equivalence 
and bisimulation equivalence are identical. Moreover deterministic pushdown 
automata can always be normalized ( with preservation of the language) in such 
a way that e-transitions are all decreasing. Hence the main result of this work is 
a generalisation of the decidability of the equivalence problem for dpda's. 



Mathematical generality More precisely, the present work extends the no- 



tions developped in Sen97b so as to obtain a more general result. 
As a by-product of this extension, we obtain a deduction system which, in the 
deterministic case, seems simpler than the one presented in pen97b ( see system 
B 3 in 

The present work can also be seen as a common generalization of 3 different 
results: the results of [ 5ti96| , Jan97 establishing decidability of the bisimulation 
equivalence i n two no n-dctcrministic sub-classes of the class considered here, and 
the result of |5en97b| dealing only with deterministic pda's (or processes). 



Logics Our solution consists in constructing a complete formal system , in the 
general sense taken by this word in mathematical logics i.e.: it consists of a 
set of well-formed assertions, a subset of basic assertions, the axioms, and a 
set of deduction rules allowing to derive new assertions from assertions which 
are already generated. The well-formed assertions we are considering are pairs 
(S, T) of rational boolean series over the non-terminal alphabet V of some strict- 
deterministic grammar G =< X, V, P >. Such an assertion is true when the two 
series S, T are bisimilar. 

Several simple formal systems generating all the identities between boolean ra- 
tional expressions have been the subject of many works ([3al66,Bof90,Kro91|); 
the case of bisimilar rational expressions has been also adressed in |Mil84,Koz91|. 
A tableau proof-system generating all the bisimilar pairs of words with respect to 



a given context-free grammar in Greibach normal form was also given in [HS91]. 
Our complete formal systems can be seen as participating in this general research 
stream (see in [ 5cnO0| | an overview of this subject, in the context of equivalence 
problems for pushdown automata). 



1.2 Results 

The main results of this work are the following theorems. 
Theorem 107: 

The bisimulation problem for rooted equational 1-graphs of finite out-degree is 
decidable. 
Theorem 



1014 



£>3 is a complete deduction system. 

where B3 is a formal system whose elementary rules just express the basic alge- 
braic properties of bisimulation: the fact that it is an equivalence relation, that 
it is compatible with right and left (matricial) product, that Arden's lemma 
remains true modulo bisimulation and at last, its link with one-step derivation 
(rule R34). Completeness means here that all pairs of bisimilar rational "deter- 
ministic" boolean series are generated by this formal system. 



1.3 Main tools 



We re-use here the notions developed in [ Sen97b| | (1-4) and introduce new ideas 
(5-7): 



the deduction systems ( which were in turn inspired by [Cou83aQ. 

the deterministic boolean series ( which were in turn inspired by |HHY79|) 



the deterministic spaces ( which were elaborated around Meitus notion of 
linear independence ([Mei89, Mci92| ])). 

the analysis of the proof-trees generated by a suitable strategy ( which was 
somehow similar with the analysis of the parallel computations , interspersed 



with replacement- moves, done in [ Val74,Rom85,Oya87|). 
the notion of n -bisimulation over deterministic row-vectors of boolean series 
( which , in some sense, translates the usual notion of bisimulation to the 
d-space of row- vectors of series). 

the notion of oracle, which is a choice of bisimulation for every pair of bisim- 
ilar vectors; the notion of triangulation of systems of linear equations is now 
"parametrized" by such an oracle O ( see §||) ; as well, the strategies are now 
parametrized by an oracle too. 

an elimination argument: roughly speaking, this argument shows that, in a 
proof-tree t, if we take into account not only the branch ending at a node x, 
but also the whole proof-tree, then the meta-rule i?5 

{(p,S,S , )}\\—(p + 2,S®x,S , ex') 

is not needed to show that im(t) | — {t(x)}. A nice (and unexpected) by- 
product of this elimination is that the weights can be removed from the 
equations ( see systems B2 , B3 in §[!(]) . 



The proof exposed here is an updated version of the full proof given in ]Sen97a| 
and exposed in a consise way in |5cn98 . Some simplifications of [3en97t] found 
by C. Stirling ( pti99Q were taken in account in this proof too: 
-the technical notion of "N-stacking sequence" is replaced by the slightly simpler 
notion of "B-stacking sequence" 

-the analysis of sect ion |g| us es a choice of "generating set" which is simpler than 
the choice given in pcn97ap cn98 . 

-a main simplification linked with this more clever choice, is that we can restrict 
ourselve s to t he case of a proper, redu ced strict-deterministic grammar (as is 
done in HSti99tl ), while in | Sen97a|JSen98| we could not assume this restriction. 
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2 Preliminaries 



2.1 Graphs 



Let X be a finite alphabet. We call graph over X any pair r = (Vr, Er) where 
Vr is a set and Er is a subset of Vr x X x Vr- For every integer n £ IN, we 
call an n-graph every n + 2-tuple r = (Vr, Er, v%,..., v n ) where (Vr, Er) is a 
graph and (v\, . . . ,v n ) is a sequence of distinguished vertices: they are called the 
sources of r. 

A 1-graph (V, E, v\) is said to be rooted iff v\ is a root of (V, E) and ^ 
A 2-graph (V, E, vi,v 2 ) is said bi-rooted iff «i is a root, «2 is a co-root of (V, J5), 
v\ 7^ «2 and there is no edge going out of v 2 ( this last technical condition will 
be useful for reducing the bisimilarity notion for graphs to an analogous notion 
on series, see §2J, §0 and §3.2). 

The equational graphs are the least solutions ( in a suitable sense) of the systems 
of (hyperedge) graph-equations ( see in ]Cou90a precise definitions). Let us 
mention that the equational graphs of finite degree are exactly the context-free 
graphs defined in [MS85]. 



Bisimulations 



Definition 21 Let r = (Vr, Er, V\, . . . , v n ), r' = (Vr 1 , Er>, v[, . . . , v' n ) be two 
n-graphs over an alphabet X. Let 1Z be some binary relation 1Z C Vr X Vr> ■ 
71 is a simulation from r to r' iff 

1. dom(Te) = Vr, 

2. Vz S [l,n],(w 4 ,w,;) G TZ, 

3. Vw £ Vr,w € Vr,v' £ Vr>,x £ X, such that (v,x,w) G Er and vlZv' , 

there exists w' G Vr> such that (v', x, w') G Er> and wlZw' . 

TZ is a bisimulation from r to i~" iff TZ is a simulation from r to i~" and TZ -1 
is a simulation from i~" to r . 

This definition corresponds to the standard one ( |Par8l| , |Mil89|]Cau95| ) in the 
case where n = 0. The n-graphs r, r' are said bisimilar , which we denote by 
r ~ r' , iff there exists a bisimulation TZ from f to f. 

Let us extend now this definition by means of a relational morphism between 
free monoids. 

Definition 22 Let X, X 1 be two alphabets. A binary relation r\ C X* x X'* is 
called a strong relational morphism from X* to X'* iff 

1. r) is a submonoid of X* x X'* 

2. dom(r/) = X*,\m(rj) = X'* 

3. r\ is generated (as a submonoid) by the subset n n (X x X'). 



One can easily check that s.r. morphisms are preserved by inversion, composition 
and that any surjective map n : X —* X' induces a s.r. morphism from X* to 
X'*. Let r = (Vr,Er,v\, . . . ,v n ) be an n-graph over the alphabet X, r' = 
(Vr',Er',v[, . . . , v' n ) be an n-graph over the alphabet X'. Let n £ X* x X'* be 
some s.r. morphism, and let 1Z be some binary relation KCV r x Vr>- 

Definition 23 1Z is a //-simulation from r to r' iff 

1. dom(^) = V r , 

2. Vi G [l,n],(v 4 ,^) G ft, 

5. Wv,w £ Vr, u' G Vr',a; G X, smc/i £/iaf (v,x, w) £ Ep and vlZv' , 

3w' £ Vr',2;' S r](x) such that (v',x',w') £ Ep< and wlZw' . 

1Z is a ^-bisimulation iff 1Z is a n- simulation and IZ^ 1 is a n^ 1 - simulation. 

For every v £ Vr,v' £ Vr>, we denote by v ~ v' the fact that there exists 
some ?7-bisimulation 1Z from r to i~" such that G ft. In all this work, the 

composition of binary relations is denoted by o and defined by: if 1Zi C E x F 
and 1Z 2 Q F x G then, 

Ki°K 2 = {(a;, z) G £ x G|3y G F, (z, y) G fti, (y, z) G ft 2 }. (1) 



Fact 24 

1. i f TZ is a rj -bisimulation, then ft -1 is a r)~ x -bisimulation 

2. iflZ\ is a n\ -bisimulation and ft 2 is a r\i -bisimulation, then TZ\ o 1Z 2 is a 
rji o r/2-bisimulation 

3. if for every i £ 1 , ftj is a rj-bisimulation, then {J ieI TZi is a r\ -bisimulation. 

2.2 Pushdown automata 

A pushdown automaton on the alphabet X is a 7-tuple M. = < X, Z, Q, 5, qo, z$, F > 
where Z is the finite stack-alphabet, Q is the finite set of states, qo G Q is 
the initial state, zq is the initial stack-symbol, F is a finite subset of QZ*, 
the set of final configurations, and 8, the transition function, is a mapping 
5 : QZ x (X U {e}) V f (QZ*). 

Let q, q' £ Q,uj,uj' £ Z*,z £ Z,f £ X* and a £ X U {e} ; we note 
(qztu,af) 1 — >m (q'oj'u), f) if q'u>' £ 5(qz,a). 1 — >m is the reflexive and tran- 
sitive closure of 1 — >m ■ 

For every qw, q u £ QZ* and f £ X*,we note qui — >m Q >lj ' iff (qco, f) 1 — >m 
(gV,e). 



M. is said deterministic iff, for every z £ Z,q <E Q,x <E X : 

Ctad(5(qz, e)) G {0, 1} (2) 

Card(<%z, e)) = 1 Card(<5(<?z, x)) = 0, (3) 

Card(<5(gz, e)) = ^> Caxd(5(^, x)) < 1. (4) 

M. is said real-time iff, for every q £ Q, z £ Z , Card((5(gz, e)) = 0. 

A configuration quo of A4 is said e-bound iff there exists a configuration q'ui' such 

that (qu>, e) i — >m il'^' ', e ); qw is said e-free iff it is not e-bound. 

A pda M is said normalized iff, it fufills conditions (||), (||) (see above) and 

(§,(§,# 

go-^o is e — free (5) 
and for every geQ,zeZ,i£l: 

gV6%z^)^>|w'|<2, (6) 

9'w'e%^e)=^|w' |=0 (7) 

All the pda considered here are assumed to fulfill condition (|5|). A pda M. will 
be said bi-rooted iff it fulfills (||) and @ : 

3q £ Q, F = {q} and (8) 

VqeQ,weZ*,/e X*,q z — + M qu => 3g £ X*,qw — %m q- (9) 
The language recognized by M. is 

L(M) = {w £ X* | 3c £ F, q z —% M c}. 

It is a "folklore" result that , given a deterministic pda Ai, one can effectively 
compute another dpda A4' which is normalized and fulfills: 

L(M) = L(M') - {e}. 
2.3 Graphs and pushdown automata 

Equational graphs and pushdown automata We call transition- graph of a 
pda M, denoted T(M), the 0-graph: 

T(M) = {Vt{m),E T (m)) where V T (m) = I <7 G Q, u G Z* , qui is e - free} 
and 

= {(Cj^c') G l^T(M) x Vt(M) I C — 5jw c'}. (10) 

We call computation 1-graph of the pda A4, denoted (C(A4),d»), the subgraph 
of T(M) induced by the set of vertices which are accessible from the vertex go-^o, 
together with the source vm = qozo- In the case where M is bi-rooted, we call 
computation 2-graph of the pda A4, denoted (C(A4), vm> ^m)i the graph C(A4) 
defined just above, together with the sources vm = qozo, vm — q- 



Theorem 25 Let T = (Thi^o) be a rooted 1-graph over X. The following con- 
ditions are equivalent: 

1. r is equational and has finite out-degree. 

2. r is isomorphic to the computation 1-graph (C(A4),v_m) of some normalized 
pushdown automaton M . 

The formal proof of this theorem is quite technical and is omitted here. (See the 
annex for a sketch of proof). 

Corollary 26 Let r = (Io,wo,w) be a bi-rooted 2-graph over X. The following 
conditions are equivalent: 

1. T is equational and has finite out-degree. 

2. T is isomorphic to the computation 2-graph [C{M),vmt^m) of some bi- 
rooted normalized pushdown automaton M . 

Bisimulation for non-deterministic (versus deterministic) graphs 

In this paragraph, we reduce the classical notion of bisimulation for equational 
graphs to the notion of 77-bisimulation for deterministic equational graphs, where 
r\ has been suitably choosen ( see definition |2^) . 

Lemma 27 Let A be some rooted equational 1-graph over a finite alphabet Y\ 
and let # be a new letter # ^ Y\. Then one can construct an equational bi-rooted 
2-graph T over the alphabet Y = Y\ U such that, 

1- V ri C V r , 

2. for every v,v' e Vri, ( v i v ' are bisimilar in Pi) iff (v,v' are bisimilar in F), 

3. T\ has finite out-degree iff T has finite out-degree. 

Sketch of proof: Let us define T from T\ by: 

V r = V ri U{v}, E r = Er 1 U{(w,#,v)\w(EVr 1 }, T = (A,«), 

where v is a new vertex v ^ Vr x . One can easily check that T is equational iff 
A is equational and that , provided A is rooted, T is bi-rooted. Points (1) and 
(3) of the lemma are clear. One can check that the mapping 72. 1 — > 7^. U {(v,v)} 
is a bijection from the set of all the bisimulations over A ( i.e. from T\ to A) 
to the set of all the bisimulations over T. Hence point (2) is true. □ 

Let us consider finite alphabets X, Y , a length-preserving homomorphism 
ip : X* — > Y* and the s.r. morphism ^ = ip o ip' 1 C X* x X*. A n-graph T over 
X will be said ^-saturated iff, for every v G Vr, for every (x, x') G tp, 



(3«i e V r ,(v,x,vi) e E r ) <^ (3v[ e V r , (v,x',v[) £ E r ). 



Lemma 28 Let 7\ be an equational bi-rooted 2-graph of finite out-degree over an 
alphabet Y. One can construct a finite alphabet X, a surjective length-preserving 
homomorphism tp : X* — > Y* and an equational, bi-rooted 2-graph r over the 
alphabet X , such that 

1. r is deterministic, 

2. r is tf>- saturated, 

3. Vh = Vr, 

4- Id : Vr — > Vri is a ip-bisimulation from r to T\. 

Sketch of proof: By lemma we can suppose that J\ is the computation 
2-graph (C(A4i), UjWd ^Mi) °f some bi-rooted normalized pushdown automaton 
Ml —< Y, Z, Q, Si, q , z , {q} >. Let us consider the following integers: 

Vg G Q,Mz G Z,My G Y,ti(qz,y) = Ca,rd(5 1 (qz,y)), ti = max{ii(gz, y) \ q G Q,z G Z,y G Y}. 

Let X = Y x [1, ti] and let ip : X — » Y be the first projection. 

Let p : QZ x Y x IN — » QZ* such that dom(p) = U g eQ 2 ez yeY^ 2 } x W x 

p(qz,y,-k) : {gz} x {y} x -► o~i(qz,y) 

is a bijection ( for every g, z, y)). We then define M =< X, Z, Q, d, qo, z , {q} > 
by: for every q G Q, z G Z, y G Y, i G [1, ii] 

<5(gz, e) = Si(qz, e) if gz is e — bound. 

^(««) = {?'<*>'} if P(qz,y,i) = q'uj' or (1 < h(qz,y) < i < hand p(qz,y, 1) = gV). 

The 2-graph r — (C(A4),vm,vm) fulfills the required properties. □ 

Let us remark that, by point (4) and by composition of ?7-bisimulations, for every 

v,v' G Vr, v, v 1 are ?/;-bisimilar (w.r.t. r) iff v,v' are bisimilar (w.r.t. 

2.4 Deterministic context-free grammars 

Let M. be some deterministic pushdown automaton ( we suppose here that M. 
is normalized). The variable alphabet Vvt associated to M. is defined as: 

Vm ={\p,z,q] | p,q G Q,z G Z}. 

The context-free grammar Gjvf associated to M. is then 

=< X, Vm, Pm > 

where 

Pm is the set of all the pairs of one of the following forms: 

(\p, z, q],x[p', zi,p"][p", Z2,q]) (11) 



where p,q,p',p" X,p'ziz 2 G S(pz,x) 



(\p,z,q],x\p',z',q\) 
where p,q,p' X,p'z' G 5(pz,x) 

(\p,z,q],a) 



(12) 



(13) 



where p, q, G Q, a G X U {e}, 5 £ <5(pz, a). G m is a strict- deterministic grammar 
(see definition ?? below) . A general theory of this class of grammars is exposed 
in jHar78[ and used in ]HHY79|]. 



2.5 Free monoids acting on semi-rings 

Semi-ring B(( W )) Let (B,+,-,0, 1) where B = {0,1} denote the semi-ring 
of "booleans". Let W be some alphabet. By (B(( W )),+,•, 0, e) we denote the 
semi-ring of boolean series over W: 

the set B(( W )) is defined as B w * ; the sum and product are defined as usual; 
each word w G W* can be identified with the element of B w mapping the word 
id on 1 and every other word w' 7^ w on 0; every boolean series S G B(( W )) 
can then be written in a unique way as: 

S = £ W £W»S W ■ w, 

where, for every w G W* , S w £ B. 
The support of S is the language 

supp(S') = {w G W* I S w ^ 0}. 

In the particular case where the semi-ring of coefficients is B ( which is the 
only case considered in this article) we sometimes identify the series S with its 
support. A series S G B(( W )) is called a boolean polynomial over W if and 
only if its support is finite. The set of all boolean polynomials over W is denoted 
by B(W). 

The usual ordering < on B extends to B(( W )) by: 

3<S'iS Vw G W*,S W < S' w . 
We recall that for every S G B(( W )), S* is the series defined by: 

S* = J2 S n . (14) 

0<n 

Given two alphabets W,W, a map tp : B(( W )) -> B(( W' >> is said 
a-additive iff it fulfills: for every denumerable family (S^eiN of elements of 
B((W)), 

^(E^) = E^)- ( 15 ) 

i£JN ieIN 

A map ^ : B(( W )) — >B(( W' )) which is both a semi-ring homomorphism and 
a (T-additive map is usually called a substitution. 



Actions of monoids Given a semi-ring (S, +, •, 0, 1) and a monoid (M, •, 1m), 
a map o : S x M — > S is called a right-action of the monoid M over the semi-ring 
S iff, for every S, T G S, m, m! G M : 

Oom = 0, Sol M = S, (S+T)om = (Som)+(Tom) and So{m-m') = (Som)om'. 

(16) 

In the particular case where S=B((W)),ois said to be a tr-right-action if 
it fulfills the additional property that, for every denumerable family (Sj)jgiN of 
elements of S and m £ M : 

(^Si)om=^(Siom). (17) 

i£]N ieJN 



The action of W* on B(( W )) We recall the following classical cr-right-action 
• of the monoid W* over the semi-ring B(( W )) : for all S, S' G B(( W}),u £ W* 

S.u = S' &VweW*, (S' w = S u . w ), 

(i.e. S • u is the left-quotient of S by u , or the residual of 5 by u ). 
For every S 1 £ B(( W )) we denote by Q(S) the set of residuals of S: 

Q(S) = {S»u\ue W*}. 

We recall that S is said rational iff the set Q(S) is finite. We define the norm 
of a series S eB((W )), denoted ||5|| by: 

\\S\\ = Caxd(Q(S)) GlNU{oo}. 



The reduced grammar G The classical reduced and e-free grammar associ- 
ated with Gjk is Go =< X, Vq, Pq > where: 

V = {veV M \3we X+, v —tp M w}, (18) 

: B(( V}}^ B(( V )) 
is the unique substitution such that, for every v £ V: 

<po(v) = v ( if v € Vb), <^o(v) = e ( if u — ^ e), <^ («) = ( otherwise ), 

P Q = {(«,«/) e K,x(XuF ) + I w e K,,3w g (xu^)*,(«, w ) g Pm,k/ = ?o («>)}• 

(19) 

Go is the reduced and e-free form of Gyvt- It is well-known that, for all v E Vq: 

3w G X + ,v — -*p w and 

{w G X*,v — * Pm w} — {w G — * Po w}. 

For technical reasons ( which will be made clear in section [?]) , we introduce an 
alphabet of "marked variables" Vq together with a fixed bijection: v t— * v from 



Vo to Vq. Let V = Vo U Vq. We denote by p e (letter e stands here for "erasing 
the marks") the litteral morphism V* — » V * defined by: for every v G Vo, 

p e (v) = V, p e (v) = V. 

Similarly, p e is the litteral morphism V* — > Vq* defined by: for every v G Vo, 

p e (v) = V, p e (v) = V. 

We denote also by p e ,Pe the unique substitutions extending these monoid ho- 
momorphisms. 

At last, the grammar G is defined by, G =< X, V, P > where 

P = P U {(p e (v),p e (w) | (v, w) e P }. 

In other words, the rules of G consist of the rules of the usual proper and re- 
duced grammar associated with M to-gether with their marked copies. 



The action of X* on B(( V )) Let us fix now a deterministic (normalized) 
pda M and consider the associated grammar G. We define a er-right-action of 
the monoid X* over the semi-ring B(( V )) by: for every v&V, (3^V*,x^X 

(vf3)Qx = ( h»x)-0, (20) 

(vM)eP 

eQx = %. (21) 

Let us consider the unique substitution <p : B(( V )) — > B(( X )} fulfilling: 
for every ueF, 

<p(v) = {u e X* | v — u}, 

(in other words, <p maps every subset L C V* on the language generated by the 
grammar G from the set of axioms L). 

Lemma 29 For every S G B(( V )), it € X* , ip(S u) = tp(S) • u ( i.e. <p is a 
morphism of right- actions). 

Proof: Let v e V, (3 G V* , x G X. Recall that G is in Greibach normal form (i.e. 
P C V x X ■ V*). One can then check on formulas (??) that: 

ip{e © x) = ip(e) • x and <p((v ■ [3) x) = tp(v ■ (3) • x. 

By induction on \w\, it follows that, \/w G V* , 

(p(w x) = <p(w) • x. 
By cr-additivity of tp, it follows that.VS G B(( V )), 

tp(S Qx) = ip(S) »x. 



By induction on u, it follows that,Vu G X*, 

ip(S Ou) = ip(S) • u. 

□ 

We denote by = the kernel of ip i.e.: for every S, T e B(( V }}, 
S = T^ ip(S) = <p(T). 



3 Series and matrices 



3.1 Deterministic series, vectors and matrices 

We introduce here a notion of deterministic series which, in the case of the alpha- 
bet V associated to a dpda M, generalizes the classical notion of configuration 
of M.. The main advantage of this notion is that, unlike for configurations, we 
shall be able to define nice algebraic operations on these scries (see, in partic- 
ular, § |3.3j ). Let us consider a pair (W, 1 — ') where W is an alphabet and - is 
an equivalence relation over W. We call (W, ■—-) a structured alphabet. The two 
examples we have in mind are: 

— the case where W = Vm , the variab le alpha bet associated to M. and [p, z, q] ^ 
{p' , z' , q'] iff p = p' and z — z' (see [ Har78| ) 



the case where W = X, the terminal alphabet of M. and x ^ y holds for 
every x, y G X (see par78| ). 



Definitions 

Definition 31 Let S S B(( W )). S is said left-deterministic iff either 

(1) S = $ or 

(2) S = e or 

(3) 3i S [1, m], S io ^ and Vw, w' 6 W* , 

S w = S w > = 1 => [3A } A' e W,wi,w[ G W*,A — A',w = A-w x and w' = A'-w[]. 

A left-deterministic series S is said to have the type (resp. e, [^4]^-) if case (1) 
(resp. (2), (3)) occurs. 

Definition 32 Let S G B(( W )) . S is said deterministic iff, for every u G W* , 
S • u is left- deterministic. 

This notion is the straighforward extension to the infinite case of the notion of 
(finite) set of associates defined in [HHY79, definition 3.2 p. 188]. 
We denote by DB(( W )) the subset of deterministic boolean series over W. Let 
us denote by B„ m (( W )) the set of (n, m)-matrices with entries in the semi-ring 
B((W)). ' 

Definition 33 Let m G IN, S G B liTn « W )) : S = (Si,---,S m ). S is said 
left-deterministic iff either 

(1) Vz G [l,m],Si = or 

(2) 3io G [1, m], = e an d Vi 7^ io, ^ = or 

(3) Vw,w' G W*,Vi,j G [l,m],(Si) w = (Sj) wl = 1 => [3A,A> G W, Wl ,w[ G 
V*,A ^ A',w = A • wx and w' = A' ■ w(\. 



A left-deterministic row-vector S is said to have the type (resp. (e,io), [A]^) 
if case (1) (resp. (2), (3)) occurs. 

The right-action • on B(( W )) is extended componentwise to B„ jm (( W }}: 
for every S — {sij), u G W*, the matrix T = S • u is defined by 

ti j — ^i.j * 

The ordering < on B is also extended componentwise to B n>m (( W )). 

Definition 34 Let S G Bi >m (( W }}. S is said deterministic iff, for every u e 
W* , S • u is left- deterministic. 

We denote by DBi jm (( W }} the subset of deterministic row- vectors of di- 
mension m over B(( W )). 

Definition 35 Let S £ B n ,m({ W ))■ S is said deterministic iff, for every i e 
[l,n], Si t . is a deterministic row-vector. 

Let us notice first some easy facts about deterministic matrices. 
Fact 36 Let S G DB(( W )>. For every T G B(( W )),« G W* 

(1) T < S G DB(( W )} 

(2) T = S»u^Te DB(( W }) 



Norm Let us generalize the classical definition of rationality of series in B(( W )) 
to matrices. Given M G B„. m (( W }} we denote by Q(M) the set of residuals of 
M: 

Q(M) = {M »u\u e W*}. 
Similarly, we denote by Q r (M) the set of row-residuals of M: 

Q r (M)= |J Q(Mj,,). 

l<i<n 

M is said rational iff the set Q(M) is finite. One can check that it is equivalent 
to the property that every coefficient Mjj is rational, or to the property that 
Q r {M) is finite. We denote by RB n>m (( W )) (resp. DRB„ jm (( W ))) the set 
of rational ( resp. deterministic, rational) matrices over B(( W )). For every 
M G RB„ iTO (( W }}, we define the norm of M as: 

||M|| = Card(Q r (M)). 



Grammars 



Definition 37 Let G —< X,V,P > be a context-free grammar in Greibach 
normal form. G is said strict-deterministic iff there exists an equivalence relation 
over V fulfilling the following condition: for every E G V, x G X , if (Ek)i<k<m 
is a bijection [1, m] — > [J5]^, and Hk — ^2(E k h)eP h* x, then 

(Hi, if 2, ■ ■ ■ j ff-m) * s a deterministic vector. 

Any equivalence satisfying the above condition is said to be a strict equivalence 
for the grammar G. 



This definition is a reformulation of [Har78, Definition 11.4.1 p. 347] adapted to 
the case of a Greibach normal-form. 

Theorem 38 Let Gi =< X, Vi,Pi > be a strict- deterministic grammar. Then 
its reduced form Go =< X,Vq,Pq >, as defined in formulas is strict- 

deterministic too. Moreover, if ^ is a strict equivalence for Gi , its restriction 
over Vq is a strict equivalence for Gq . 



The proof would consist in slightly extending the proof of [Har78, Theorem 11.4.1 
p.350]. 

It is known that, given a dpda A4, its associated grammar Gm is strict-deterministic. 
By theorem ^58| Go is strict-deterministic too. Let us consider the minimal strict 
equivalence - for Go and extend it to V by, Vu, v' G Vq: 

v v v — ' v \ v v . 



Then ^ is a strict equivalence for G (the grammar G is defined in §2.5). This 
ensures that G is strict-deterministic. 



Residuals 

Lemma 39 Let S G DB(( W )),T G B(( W )),u G W* . If S • u ^ then 
(S ■ T) • u = (S • u) ■ T . 

Proof: Let S G DB(( W )),T G B(( W )),u G W* , such that S • u ^ 0. Let 
u', u" G VF* such that u = v! ■ u", u" ^ e and let w G supp(S'). If w • u' = e then 
S • u' — e ( because S •v! is left-deterministic), hence S • u = e • u" = 0, which 
would contradict the hypothesis. It follows that 

Vit' -< u, Vw G supp(S), u; • v! ^ e. 

Hence 

Vwi G supp(S), Vz«2 G supp(T), (wi ■ W2) *u — (wi • u) ■ W2- 
This proves that (S ■ T) • u = (S • u) ■ T. □ 



Lemma 310 Let S e DB(( W)),T e B(( W)),u£ W* andU = S-T. Exactly 
one of the following cases is true: 



(1) S.u^0; 

in this case U • u = (S • u) ■ T . 

(2) S • u = 0, 3u', u", u = w' • u", 5 • v? = e; 
m this case U • u = T • u" . 

(3) £«u = 0,Vu' d> u,S»u' ^e; 

m i/iis case [/ • n = = (5 • u) ■ T. 

Proof: Clearly, one of the hypotheses (1-3) must occur. Let us examine each 
one of these cases. 

In case (1), by lemma U • u = (S • u) ■ T. 

In case (2), U • u = (U • u') • u" and by case (1), U • u' = {S • u') ■ T. It follows 
that U •u = T •u". 

In case (3), if S = 0, the conclusion of the lemma is clearly true. Let us suppose 
now that S ^ and let u! -< u be the maximum prefix of u such that S • u' ^ 0. 
Then, there exist some A € W, u" € iy*such that u = u' ■ A ■ u" and there exist 
some B x , ■ ■ ■ ,B q € W, Si, ■ • ■ ,S g G B(( W }}-{0} such that SW = J2i<i< q B g- 
S q and B\ ^ • • • ^ Bi ■ ■ ■ ^ B q ( because S • u' is left-deterministic). By 
maximality of u', A does not belong to {-Bi, ■ • ■ , B q }, hence 

U»u=((J2 Bi ■ Si ■ T) • A) • u" = • u" = 0. 

l<i<q 

□ 



Lemma 311 Let S e DB 1)Wl « W »,Te B tB ,i« W)),u£ W* and U = S-T. 
Exactly one of the following cases is true: 

(1) 3i,S i .u^{0,e}; 

in this case U • u = (S • u) ■ T. 

(2) 3 jo, 3m', u", u = u' ■ u", Sj • u' = e; 
m £/ms case U • u = Tj • m". 

(Sj Vj, Sj»u= 0, Vtt' X u, • u' ^ e; 
in i/iis case J7 • u = = (S • u) ■ T. 

Proof: Let us note S — (Sj)i<j< m ,T = {Tj)i<j< m . Clearly, one of the hypothe- 
ses (1-3) must occur. Let us examine each one of these cases. 
In case (1), every 3-tuple (Sj,Tj,u) fulfills case (1) or (3) of lemma 31C, hence 
(Sj -Tj) • u = (Sj • u) ■ Tj. Hence 

U*u= {Si-Tj)*u= (5i.«)-T 3 - = (5.u).T. 

In case (2), S»u' must be left-deterministic of type (e, jo) , hence Vj ^ jo, Sj»u' = 
0. It follows that 

U • u — Tj Q • u . 



In case (3), every 3-tuple (Sj,Tj,u) fulfills case (3) of lemma |3 10| , hence (Sj 
Tj)»u = %= (Sj • u) ■ Tj. It follows that 

U • u = = (S • u) ■ T. 

□ 



Lemma 312 Let S G DB 1>m (( W )),T G B m , s {( W )),u G VF* andU = S-T. 
Exactly one of the following cases is true: 

(1) 3j,Sj»u^{<D,e} 

in this case U • u = (S • u) ■ T . 

(2) 3 jo, 3u', u" , u = v! ■ u", Sj„ • u' = e; 
m i/izs case U • u — Tj • m". 

fs; Vj, Vu' d «, S,- • u = 0, • u' ^ e; 
in i/izs case U • n = = (S • u) • T. 

Proof: Let us notice that for every k G [1, s}: 



U k =S-T* 



(22) 



and that the hypothesis of the 3 cases considered in lemma 311 depend on the 
vector S and the word u only ( but not on the integer k G [1, s]). In case (1), by 
lemma 311,Vfc 6 [l,s] 

C/fc • u = (5 • u) ■ T*,fc, 
hence U »u = (S • u) -T. Cases 2,3 can be treated in the same way. □ 



Lemma 313 For every S G B n , m « W )),T G B m , s ({ )), i/S* and T are 6ot/i 
left- deterministic, then S ■ T is left- deterministic. 



Lemma 314 For every S G DB n , m (( W )},T G DB r „ :S (( )),5-T G DB„, S (( W )). 



Proof: As the notion of deterministic matrix is defined row by row, it is sufficient 
to prove this lemma in the particular case where n = 1. Let us note U = S ■ T. 
Let u G W* . Let us show that U • u is left- deterministic. Let us consider every 
one of the 3 cases considered in lemma |312| . In case (1) or (3), 

U • u = (S • u) ■ T, 

and in case (2), 

U • u = T • u". 



In both cases, by lemma 313, U • u is left-deterministic. □ 



Lemma 315 Let A e DB nm <( W )),B G B ms (( W }}. Then \\A-B\\ < \\A\\ + 
\\B\\. 

Proof: Let A = {a lM ),B = {b k ,j),C = A - B,C = (c hj ). Let 1 < i < n,H G 
Q(Cj,*). Let u G T^* such that 

i? = Ci^ • it = {Ai t * ■ B) • u. 



We apply lemma 312 to 5 — Ai_* and T = B. If case (1) or (3) of lemma 312 
realized then 

H = (A it *»u)-B. 



is 



If case (2) of lemma 312 is realized then 

H = B k0t **u". 

The number of residuals H obtained by case (1) is less or equal than ||A|| and 
the number obtained by case (2) is less or equal than This proves the in- 
equality. □ 



W=V Let (W, -) be the structured alphabet (V, associated with M. and 
let us consider a bijective numbering of the elements of Q: (qi, q%, . . . , q nQ )- Let 
us define here handful notations for some particular vectors or matrices. Let 
us use the Kronecker symbol S^j meaning e if i = j and if i ^ j. For every 
1 < n, 1 < i < n, we define the row- vector e™ as: 

<H = (e"j)i<j<n where Mj, = 5 i:j . 

We call umi row-vector any vector of the form e™. 

For every 1 < n, we denote by 0™ 6 DBi !?1 (( V" )) the row-vector: 

0" = (0,...,0). 

For every lo G Z*,p,q G Q, [pwg] is the deterministic series defined induc- 
tively by: 

[peq] = if p ^ q, [peq] = e if p = q, 
[pujq] = [p, r] ■ [nu'q] if w = z ■ to' for some z E Z,u>' E Z* . 

Let us define 

Kg = max{||(£'i, E%, . . . , E n ) x\\ | (£^)i<i<n is a bijective numbering 

of some class in V/ x G X}. (23) 



Lemma 316 for every 5 G DBi. A (( V )),u G X* 7 



(1) SQu eDB hX (( V » 

(2) \\SOu\\ < \\S\\ + K -\u\. 



Proof: We treat first the case where u is just a letter. 

Let S G DBi, A (( V )) and x G X. If S = A or S = £ A ( for some % G [1, A]), then 

5 x = A and points (1)(2) are both true. 

Otherwise 

i 

fe=i 

for some q G IN, G DBi )A (( V )), (Ek)i<k< q bijective numbering of some class 
of V/ — . 

By equation ( p0|) , which defines the right-action 0, 

fe=i 

hence 5* x has the form ■ <P where H G DBi i9 (( V )) (see definition |37| ), 
||iJ|| < # (see inequation (§|)) and <P G DB 9)A (( V - ) )■ 

By lemma |3l4 H ■ <P is deterministic and by lemma 315 < ||^||+ Kq . 

As every G Q r (S) we obtain: 

-<P|| < \\$\\ + K < \\S\\ + K . 

Both points (1)(2) are proved. 

The general case where u is any word of X* can be deduced by indiuction on |u| 
from this particular case. □ 



Lemma 317 Let A G IN - {0},S G DRBi, A (( V }),u G X* . One of the three 
following cases must occur: 

(1) S(Du = ® x , 

(2) S u = e A /or some j G [1, A] , 

(S) 3u l7 u 2 G X*,^ £V*,q ElN,E 1 ,...,E k ,...,E q eV,$ E DRB g , A (( V )) 
smc/i that 

<? 9 

it = ux ■ u^, SO u\ = S • V\ = y~] E k ■ <P k , S u = J^(-Efc u 2 ) ■ <P k , and 

fc=i fe=i 

Vfc G [1, - 0« 2 ^ {e, 0}. 

Proof: Let u G X*. Let us prove the lemma by induction on 
u = e: 

if S 1 G A U{e A |l < j < A} then clearly the conclusion of case (1) or (2) is realized. 
Otherwise, as S is left-deterministic, S has a decomposition as S = X)fe=i ^fe '^fe 
such that the conclusion of case (3) is realized with u\ = u 2 = e,i>i = e, the given 



integer q and the letters E\ ^ . . . *— E q £ V. 
u = uq ■ a, a £ X: 

Let us consider the u\, U2, fi, q, (-E*)i<fe<«> (^k)i<k<q given by the induction 
hypothesis on uo- 

<? 

(S0ti)0a = C^2(Ek W2) • $k) © a and 
fc=i 

Vfce [l,g],||£fc©U2|| >3. 
case 1: Vfc e [1, g], ||.E fc u 2 a|| > 3. 

Then S ua = J2k=i(Fk 1*20) • ^fc. Hence conclusion (3) of the lemma is 
fulfilled by u\ = Ul ,u' 2 = u 2 a, v [=v 1 ,q' = q, E' k = E k , <P' k = $ k . 
case 2: 3r 6 [1, g], ||J5 r u 2 a|| = 2. 

In other words: there exists sonic re [1, q] such that E r u 2 a — e, hence 

S Qua = $ r . 

subcase 1: $ r 6 {0 A } U {e*|l < j < A}. 
Conclusion (1) or (2) of the lemma is then realized. 

subcase 2: <P r = Ya=i Fe " ^ for some r ' e ^,Fi ^ ■ ■■F r ' 6 7,!? £ 

DRB r ,, A (( V }}. 

Then 

/ / 

r r 

5 © w = ^2 Ft ■ &t, S» (viE r ) = $ r = ^Fc & e . 

Conclusion (3) of the lemma is then realized by = ua, u' 2 = e, = V\E T , q' = 

r',E , k = F k ,& = ¥. 

case 3: Vfc £ [1, q], \\E k u 2 a\\ = 1. 

This means that E u 2 a — 9 , hence that case (1) is realized. □ 



We give now an adaptation of lemma 312 to the action in place of •. 

Lemma 318 Let S € DB ljm (( V )),T E B m , s (( V )),u £ X* and U = S 
T. Exactly one of the following cases is true: 

(1) S®u$ {0 m } U {ef\l <j<m} 
in this case U u — (S u) ■ T . 

(2) 3j , 3u', u", u = u' ■ u", SQu' = e s jo ; 
in this case U u = Tj u" . 

(3) Vj, W ^u,SQu = m and S d) u' ^ ef\ 
in this case U u = s = (S u) ■ T . 



Proof: The arguments used in the proofs of lemma |39|, 31C, 311, |312| can be 
adapted to in place of •. The only non-trivial adaptation is that of lines 6-7 
of the proof of lemma B9f let us suppose that u £ X* is such that 



W -< u, S e, 



(24) 



and let us prove that 

(S ■ T) © u = (S © u) • T. (25) 



We prove by induction on |u| that ( |24j ) implies ([25|) . 

\u\ = 0: by definition of a right-action, VS" G DB(( V )},S' e = 5'. Hence 
conclusion ( p5| ) is true, 
u = Mo ■ a, where uq G X*, 

Hypothesis ( p4| ) is fulfilled by «o too, hence, by induction hypothesis, 

(S ■ T) u = (S w ) • T. (26) 
If S 1 uo = 0, then , by the above equality (S ■ T) w = too, hence 
(5 • T) u a = = (S w a) • T, 



hence (|25|) is true. 

Otherwise, by hypothesis ( |2^ ) 5 u ^ {0,e}, hence there exists g£K,£i 
. . . E q eV,<P e DB m , s (( V )) such that 



S®u Q = Y j E k -$ k . (27) 



fc=i 



By definition (20) and the fact that is a er-action: 

(E k -<P k )Qa=(E k Qa)-<P k , 

hence, by er-additivity , 

9 q 

E k ■ $ k ) (Da = ^2{E k ®a)-$ k 

k=l k=l 

and by product by T: 



(SQu a)-T = J2(EkQa)- <Z> fe • T. (28) 

k=l 

Let us examine now (ST) u^a. By (p6f): 

9 

(S ■ T) u = J2 E k ■ $k • T. (29) 



fc=i 



By definition (20) and the fact that is a er-action: 

(E k ■ $ k ■ T) a = (E k a) ■ $ k ■ T, 
hence, by er-additivity , 

9 <i 

(J2 E k ■ $ k ■ T) a = J2(Ek a) ■ $ k ■ T 

k=l k=l 



Using (g9|) this last equality can be read: 

q 

(ST)&u a a = Y, (E k a) ■ $ k ■ T. (30) 

k=l 

As equalities ([}0]),(|2^) have the same righthand-side, we conclude that ( |25| ) is 
true. □ 



Marks A word w £ V* is said marked iff w £ V* ■ Vo ■ V* ; it is said fully marked 
iff w £ V a *. 

A series S £ B(( V }} is said marked iff 3w £ supp(5), w is marked; it is said 
fully marked iff Vu> £ supp(S'), w is fully marked. It is said unmarked iff it is 
not marked. A matrix S £ B m ,n{{ V )) is said marked (resp. fully marked, 
unmarked) iff, for every i £ [l,m], the series 2j=i ^ s marked (resp. fully 
marked, unmarked). 

Definition 319 Let d £ IN. A vector S £ DBi.a(( V )) is said d-marked iff 
there exists q £ IN, a £ DRB 1)9 (V), ^ £ DRB 9jA (( V )) such that 

q 

S = a k ■ <P k and \\a\\ < d, 

k=l 

and <P is unmarked. 

Lemma 320 For every S £ DBi, A (( V )) 

(1) p e (S) £ DB 1)A « V )) 

(2) \\ Pe {S)\\ < \\S\\. 

Sketch of proof: 

(1) -Let us notice that the homomorphism p e : V* — > V* preserves the equiva- 
lence for every v, v' £ V, if v ^ v' then p e (v) — p e {v')- It follows that the 
corresponding substitution p e preserves determinism. 

(2) -Let S £ DBi, A (( V )). For every v £ V 

p e (S) »V = p e (S • v) Or p e (S) • V = p e (S • v) 

according to the fact that the leftmost letters of the monomials of S are in [v]^, 
or in [v]^; both formulas are true when S is null or is a unit. 
By induction on the length, it follows that, for every w £ Vq , there exists w' £ V* 
such that: 

p e {w') = w and p e (S) • w = p e (S • w'). 



Moreover, for every w € V*VqV* 



p e (S>u> = A , 



but in this case too, there exists some w' <E V* such that p e (S) •w = p e (S •w 1 ). 
The map T \— > p e (T) is then a surjective map from Q(S) onto Q(p e (S)), which 
proves that \\p e (S)\\ < \\S\\. □ 



Operations on row-vectors 

Let us introduce two new operations on row-vectors and prove some technical 
lemmas about them. 

Given A,B£ Bi, m (( W )} and 1 < jo < m we define the vector C = AX7j B as 
follows: 

if A = (oi, ...,aj,.. .,a m ),B = (61, ...,bj,... ,b m ) thenC = (ci, ...,Cj,.. . ,c m ) 
where 



Lemma 321 Let A,B<= B lt7n ({ W }} and 1 < j < m. 

1. if A, B are left-deterministic, then AV j B is left- deterministic. 

2. if A, B are deterministic, then AV j„B is deterministic. 

3. if A,B are deterministic, then \\AV jo B\\ < \\A\\ + \\B\\. 

Proof: 

Let C = AV j a B. 

1 Let us prove first that if A, B are both left-deterministic, then C is left- 
deterministic too. 

If A is left-deterministic of type [pz] , then C is left-deterministic of the same 
type. 

If A is left-deterministic of type (e, j\) with j% ^ jo, then C — A, hence C is 
left-deterministic. 

If A is left-deterministic of type (e, jo), then C < B, hence C is left-deterministic. 
If A is left-deterministic of type (0), then C = 0, hence C is left-deterministic. 

2 Let us suppose now that A is deterministic and let us examine a residual C • u 
, for some u € W* . Lemma |310| applies on S = a,j Q and T = bj for every j ^ jo- 
But the case of the lemma fulfilled by (S, Tj,u) depends on (S, u) only. 
Suppose aj • u ^ ( case 1); in this case 



Suppose Oj • u = 0, 3m', it", u = u' ■ u" , aj • tt' = e ( case 2); in this case 



Cj = dj + a jo ■ bj if j y£ j , Cj ; = if j = j . 



C »u = {A»u)V jo B 



(31) 



C.u=< (B«u")|0£ > 



(32) 



where 0™ is the row vector e™ in which and e have been exchanged and < *,* > 

is the "scalar product" defined by < S, T >= YJ?=x &j • T y 

Suppose a,j • u — 0, VV ^ M, Oj n • u' ^ e ( case 3); in this case, equation ( pl| ) is 

true again. When equation ( pl| ) is true, C • u is left-deterministic by part (1) of 

this proof, and when equation ( p^ ) is true, C • u is left-deterministic because B 

is assumed deterministic. We have proved that C £ DBi iJ7l (( )). 

3 The number of residuals of the form ( |3l| ) is bounded above by \\A\\ and the 

number of residuals of the form (|3^ ) is bounded above by \\B\\. Hence \\C\\ < 

\\A\\ + \\B\\.D 

Given A e DB M „(( W }} and 1 < j < m we define the vector A' = V* o (A) as 
follows: 

if A = (ai, . . . , a 3 , . . . , a m ) then A' = (a' 1; . . . , a'j, . . . , a' m ) where 
a 'i = a *ja ' a o if ^ Jo , «j = if j = Jo- 



Lemma 322 Let A e DBi, m (( W )) and 1 < j < m. 

Then V* Q {A) e DB x , m « W )) and \\V* o (A)\\ < \\A\\. 

Proof: Let us examine a residual A 1 • u , for some u S W^*. Let it' = max{u ^ 
u | ji e a*J. Let u" G W* such that u — u' ■ u" . One can check that for every 
S,TeB«W» 

(S ■ T) • u — (S • u) ■ T + a,j • U2- 

Applying this formula to S — a* o and T = cij, with j ^ jo we obtain 

a'j • u = (a* • u) ■ aj + • w 2 . (33) 

u=u 1 -u 2 , 
JO 

As cij is deterministic, one can check that 

a jo 9U = ( a io mu ") - a jo- 

As A is deterministic, if u 2 has some prefix u' 2 in a JO , then a.,- • u' 2 = so that 
dj • U2 = 0. Hence 

• Ma = <2j • u" . 

eGo* «tn 

Plugging the two last equations into ( |33| ) we obtain 

dj- • w = (oj • u") ■ a* o ■ a.j + dj • it" ( for j ^ j ), and a' j »u = %{ for j = j ) 
which can be rewritten as 

A' •u= (A* u")Vj A' (34) 



Let us show that A' is left-deterministic. If A is left-deterministic of type \pz] , 
then A' is left-deterministic of the same type. 

If A is left-deterministic of type (e,j\) with ji ^ jo, then A' = A ( notice that 
0* = e), hence A' is left-deterministic. 

If A is left-deterministic of type (e,Jo) or (0), then A' = 0, hence A' is left- 
deterministic. 

By point (1) of lemma 321 , the fact that Auu" and A 1 are both left-deterministic 
implies that (A • u")Vj A' is left-deterministic too. By formula (34), A' • u is 
left-deterministic. We have proved that A' 6 DBi. m (( W )). 



Moreover, by formula (B4h, Card(Q(A')) < Card(Q(A)), i.e. \\A'\\ < \\A\\. □ 



3.2 Bisimulation of series 

Up to the end of this section, we consider the structured alphabet V associated 
with a dpda Ai over X . We suppose a s.r. morphism ?) C 1* x X* is given (see 
definition |2^) . 

Series, words and graphs Let us give first a slight adaptation of definition 
|l] to the n-graph (DRBi,„« V }}, 0, (e?)i<i<„). 

Definition 323 LetlZ be some binary relationK C DRBi jn (( V ))xDRBi,„(( V )). 
TZ is a a — n-bisimulation iff 

1. V(S,S') e TZ,Vx g X, 

3x' e r)(x), {S 0x,5'0 x') G TZ and 3x" G tT^x), (S © 5" x) £ TZ, 

2. V(S,S') G 72, Vie [1, n], (5 = e™ <s> S' = ef ). 

We denote by S ~ 5' the fact that there exists some cr — ?7-bisimulation 72 such 
that (S, S') G 72. One can notice that ~ is the greatest a — 77-bisimulation ( 
with respect to the inclusion ordering) over DRBi.„(( V )). The cr-bisimulation 
relations can be conveniently expressed in terms of woni-bisimulations. 

Definition 324 Let S,S' G DRB ljn (( V }} and K C X* x X*. 72 is a w - rj- 

bisimulation with respect to (S, S') ifflZQr) and 

(1) totality: dom(72.) = X*,im(K) = X* , 

(2) extension: V(tt, u') G 72, Vx G X, 

3x' G T](x), (u ■ x, vf ■ x 1 ) G 72 and 3x" G 77 (a;), (u ■ x", v! ■ x) G 72. 

(3) coherence: V(u,u') G 72, Vi £ [l,n], (5 © « = ) (S' it' = ef), 

(4) prefix: V(it,it') £ Fxr,V(i,i') £ X x X, (u ■ x, u' ■ x') G TZ => (it, it') G 

72. 



(Condition (1) can be equivalently replaced by "(e, e) G 1Z" .) 1Z is said to be a 
w — 77-bisimulation of order m with respect to (S, S') iff it fulfills conditions (3-4) 
above and the modified conditions 
(1'): dom(ft) = X^ m ,im(K) = X^ m , 

(2'): V(u,u') ennix^" 1 - 1 x x^-^^x G X, 

3x' G rj{x), (u ■ x, u ■ x) G 1Z and 3x" G ry _1 (x), (u ■ x" , v! ■ x) G 1Z. 

The w — 77-bisimulations are also called w — 77-bisimulations of order 00. The two 
next lemmas are relating the notions of w — 77-bisimulation ( on words), a — 77- 
bisimulation ( on series), and 77-bisimulation (on the vertices of the computation 
2-graph of M). 

Lemma 325 Let S,S' G DRBi.„(( V )). The following properties are equivalent: 

(i) S~S' 

(ii) there exists 1Z C X* x X* which is a w — rj-bisimulation w.r.t. (S,S') 

(iii) Vra G IN, there exists 7Z m C X~ rn x X- m which is a w — ij-bisimulation of 
order m w.r.t. (S,S'). 

Proof: 

(i) =>■ (iii): Suppose that S is a cr-?7-bisimulation w.r.t. (S, S'). Let us prove by 
induction on the integer m, the following property V(m): 
37Z m , w — 77 — bisimulation of order m w.r.t. (S, S') such that 

V(u,u')e1Z m ,(SQu,S'Qu')€S. (35) 

m=0: Let 1Z = {(e,e)}. 1Z a clearly fulfills points (l'),(2'),( 4 ) of the above 
definition. Moreover, as (S, S') G 5 where 5 fulfills condition (2) of definition 
j323| , ft fulfills point (3) of definition |324] 

m=m'+l: Let 7£ m ' be some to — 77-bisimulation of order ml w.r.t. (5, 5"). Let 
us define 7Z m = lZ m i U {(tj ■ x,v! ■ x') \ (u,u') G lZ m >, (S ux,S' u'a;') G 
iS and (x,x') G 77}. Property (1) of S and property (1') oi7Z m ' imply that 

dom(ft m ) = X^ m , im(n m ) = X^ m . (36) 

Property (1) ofSand property (2') of 7^/ imply that V(u, it') G 7e m n(X^ m - 1 X 
X^-^Va: G X, 

3a;' G 77(2;), (u ■ x, u' ■ x') G 1Z m and 3a;" G ?7 _1 (a;), [u ■ x" , u' ■ x) G 7\L m . (37) 
Property (2) of iS and property (3) of JZ m ' imply that 

V(u,u') G K m ,Vi G [l,n],(5©« = e?) (S" u' = e"). (38) 
Property (4) of 72. m ' and the definition of 7Z m imply that 
V(u,u') G X* x X*,V(x,x') G X x X, (u ■ x, u' ■ x') G 1Z m (u,u') G 1Z m . (39) 



Property ( |35| ) for lZ m ' and the definition of 7Z m imply that (|35|) is fulfilled by 
7Z m too. Equations (|3(|^7],[38],[59|) prove that 1Z m is a w-r;-bisimulation of order 
m w.r.t. (S*, S'), hence V{m) is proved. 

(iii) =4> (ii): Let us notice that, as the alphabet X is finite, for every w-rj- 
bisimulation 1Z of order m w.r.t. (S,S'), 

Card{7e' C X*xX* \1ZC1Z' and 1Z' is a w-^-bisimulation of order m+1 w.r.t. (£,5")} < oo. 

Hence, by Koenig's lemma, if (iii) is true, then there exists an infinite sequence 
(^m)m6H such that for every m £ IN, lZ m is a w— rj— bisimulation of order m w.r.t. (5, 5") 
and lZ rn C 1Z m +\. Let us define then 

m>0 

7?. is a it) — ?y — bisimulation of order oo w.r.t. (S 1 , S'). 

(ii) => (i): Let 1Z be a w — r\ — bisimulation of order oo w.r.t. (S,S'). Let us 
define a relation S by: 

S = {(S u, 5' u') | («, it') e K}. 

The totality property of 1Z implies that (5, S') G 5. The extension property of 1Z 
implies that S fulfills condition (1) of definition 323 and the coherence property 
of 1Z im plies S fulfills condition (2). □ 
Lemma |325| leads naturally to the following 

Definition 326 Let A 6 IN - {0}, S, S' E DRBi, A (( V )). We define the diver- 
gence between S and S' as: 

Div(S, S') = inf{n e IN | B n (S, S') = 0}. 

(It is understood that inf(0) = oo). 

Let us suppose that the dpda Ai =< X, Z, Q, 5, qo, zq, {q} > is normalized and 
bi-rooted. Let tjj : X* — > Y* be a monoid homomorphism such that ip(X) C Y 
and let ip = ip o ip -1 ( ip, the kernel of ip, is a s.r. morphism which is also an 
equivalence relation; this additional property will be used in the sequel). Let r 
be the computation 2-graph of M and let us suppose r is ^-saturated. 
Let 6 :V r -> DRB(( V )) the mapping defined by: Vq eQ,Vwe Z*, such that 
qui € Vr, 

%w) = ^ ([qwg]). 
For every £ Vr, S G DRB(( V )) we also define: 

L(qw) = {u G X\ qcu — \ r q, }; L(5) = {u € X*, S* u = e}. 



Lemma 327 For every qui G Vr,L(qui) = L((po([quiq])). 



This lemma follows from the classical result that the language recognized by A4 
with starting congiguration qto and final configuration q is exactly the language 
generated by Gm from the polynomial [qujq] which, in turn, is equal to the 
language generated by Go from the polynomial Lpo{[qujq\). At last, G and Go 
generate the same language from any given polynomial over Vo- 

Lemma 328 Let v,v' be vertices of T. Then v ~ v', in the sense of definition 
p?j| iff 9(v) ~ 8{v'), in the sense of definition 



32: 



Proof: In this proof we denote by 0r the right-action of X* over Vr U {_!_} 
defined by: for every v,v £ Vr,u £ X*, 

v Qr u = v' if v — v', 

v G>r u = -L if there is no v', such that v — v ' 
±Q r u = ±. 

1-Let us suppose that (v, v') £ 1Z, where Tt is some V'-bisimulation over r. 
Let S = {{0(v) u, O(v') vf) \ (it, u') £ ip, (vG r u,v'O r «') £ 11} U {(0, 0)}. 
Let us show that S is a a — ?/;-bisimulation. 

Let us consi der s ome pair of series in S. If the given pair is (0, 0), points (1)(2) 
of definition 323 are clearly fulfilled. 

Otherwise, it has the form (0(v) u,0(v') u'), where (u,u') £ if) and (v Qr 

u,v' Q r u') e K . 

1. 1-Let x £X. 

case 1.1.1: 9(v) Q ux ^ 0. 

L(6(v) Qux) ^ 



(because the grammar G is reduced) , hence , using lemma 327, 
L(u Qr ux) = L(v) • ux = L(6(v)) • ux ^ 0. 

It follows that 

v Qr ux _L. 

As 1Z is a ^-simulation, there must exists some x' £ ip(x) such that 

(vQ r ux, v' Q r u'x') £ 1Z. 

Hence 

(9(v)Qux,9(v')Qu'x') £ S. 
case 1.1.2: 9(v) ux = 0. 

In this case, by lemma 327 and the fact that r is bi- rooted, v Qr ux must be 
equal to _L. As r is ^-saturated, it follows that 

Vx' £ ip(x), v Qr ux' = _L 

As 1Zr x is a ^ -simulation, it must also be true that 

Vx' £ i>(x),v' Qr u'x' = 1 



choosing some particular x 1 € ^(x), and using again lemma 
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we obtain: 



0(v') u'x' = 

In both cases, as v, v' are playing symmetric roles, property (1) of definition 323 



has been verified. If the starting pair in S is (0, 0), property (1) is again verified. 
1.2- Let us suppose that 6{v) u = e. 
This means that 

L(6(v))»u = e, 



hence, using lemma 327 that 

L(v r u) 

hence 

v Qr u = 



As r is bi-rooted, q is the only vertex having no outgoing edge (see §2J). As 1Z 
is a -0-bisimulation, v' Qr u' we must also have no outgoing edge, hence 

v' Qr u = q, 

and by the same arguments, used backwards now, 

h{9{v'))»u' = e, 

which, as the grammar G is proper and reduced, implies 

0(v') u' = e. 



As (y,v') are playing symmetric roles, property (2) of definition 323 has been 
verified. 

2-Let us suppose that (0(v), 0{v')) G S, where <S is some a — V5-bisimulation. 
Let TZ = {(vQ r u,v' Q r u' \ (u, u') e ip_, (9(v) u, 6{v') Qu') 65- {(0, 0)}} U 
{(c, c) | c e Vr}- We s how that 1Z is a ?/)-bisimulation over T. 
2.1-Using lemma 327, we obtain: 

0(v) Qu^tt^vOru^ ±. 

Hence 

dom(Te) C Vr. 
Conversely, due to the term {(c, c) | c G Vr}, 

dom(7e) D V r - 

At end, point (1) of definition El] is fulfilled. 



2.2- Due to the term {(c, c) | c G Vr}, point (2) of definition 21 is fulfilled. 

2.3- Let us consider some pair of configurations in 1Z. It must have the form 
(vQ r u,v' Q r u'), where (u, u') G i> and (6(v) u, 8{v') u') G 5 - {(0, 0)}. 



By the same arguments as in case 1.1.1 above, one can show that, for every 
x G X, such that 

v Or ux 7^ _L, 
there exists some x' € tp(x) such that 

v' Q r u'x' / JL. 

Hence 72 fulfills the three points of definition ^3. By same means, TlT 1 fulfills 
them too, so that 72. is a -0-bisimulation over the graph F . □ 



Extension to matrices 

Let S, A G INT— {0}. We extend the binary relation ~ from vectors in DRBi. A (( V )) 
to matrices in DRB 5 , A (( V )) as follows: for every T,T' G DRB 5iA (( V })', 

T~T'^ViG [l,8\,Ti,* (40) 

We call w-rj-bisimulation of order nelU {oo} with respect to (T, T") every 

72 = (72 4 ) 4e[M] such that V^ G [1,(5], 7^ G B^T^X,*)- 

We denote by B n {T,T') the set of w-ry-bisimulations of order n w.r.t. (T, T") . 
Some algebraic properties of this extended relation ~ will be established in 
corollary 



Operations on w-bisimulations 

The following operations on word-^-bisimulations turn out to be useful, 
right-product: 

Let S, A G IN - {0},S*,S" G DRB M (( V )),T G DRB 5! a(( V )). For every n G 
IN U {oo} and 72. G B n {S, S') we define: 

< S\K> = [{(u,u') G 72. | Vw r< u,V< G [l,<5],,S©v^ef} (41) 

U {(«•«),«' - to) | (u,u') G 72, i« G G [l,a],5©u = ef}]HX^" x X^ n . 

(42) 

One can check that < S\K >G ^(S 1 -T,S' ■ T). 
left-product: 

Let (5, A G IN - {0},5 G DRB M (( V )),T,T' G DRB 5 , A (( V )). For every n G 
IN U {oo} and 72. G S„(T, T') we define: 

< S,K > = [{(u,u) | u G X*,\/v * u,Vi G [l,d],5©«^ e f} (43) 

U {(u ■ w,u- w') | u G X*,3i G [1,5], 5© u= ef,(<iu,u/) G 72J] nl-" x 

(44) 

One can check that < S,1Z >E B n (S ■ T, S ■ T'). 
star: 



Let A E IN - {0}, Si E DRB 1 , 1 (( V )),S 1 ^ e,(S u S) E DRB 1)A+1 ({ V »,T e 
DRBi )A « V }}. For every ngWU {00} and ft £ B n {S x - T + S,T)we define: 



7£o 



So 



K 
Wo 



and finally 



Vk>0,1l k+l = <(S l ,S),S k >o1l 
S k = : 

|J n k nx^ k x x^ fe . 

fc>0 
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<Si,*> 



One can check that, for every k > 0: 



7e fe e6„(^ fe+1 + ^^-5,T) 



5 fe E B„( 



i=0 
fe+1 , sr^k 



Et si-s 

Ia 



(45) 
(46) 

(47) 
(48) 

(49) 

(50) 
(51) 



and finally 1Z 



<Si,*> 



eB n (St-S,T). 



Remark 329 In fact operations could be more adequately defined on "pointed" 
w-bisimulations, i.e. on binary relations with sets of "terminal pairs of words" of 
type i E [1,5] corresponding to the pairs (it, u 1 ) such that SQu = e-,S"@n' = ef. 
The two different external operations < S,7Z>,< S\1Z > could then be replaced 
by only one binary operation < 1Z\,1Z2 > over "pointed" w-bisimulations. 

3.3 Deterministic spaces 

We adapt here the key- idea of [Mci8£ , Mci92| ] to bisimulation of vectors. 



Definitions Let (W, ~) be some structured alphabet. A vector U = Y17=i 7* ' Ui 
where 7 E DRBi,„(( W )), U{ E DRBi a(( W )) is called a linear combination 
of the C/j's. We call deterministic space of rational vectors ( d-space for short) 
any subset V of DRBi a(( W )) which is closed under finite linear combinations. 
Given any set Q = {Ui\i E /} C DRBi.>(( W )), one can check that the set V 
of all (finite) linear combinations of elements of Q is a d-space (by lemma 314) 
and that it is the smallest d-space containing Q. Therefore we call V the d-space 
generated by Q and we call Q a generating set of V ( we note V = V({C/j|i E /})). 
( Similar definitions can be given for families of vectors). 



Linear independence We let now W — V . Following an analogy with clas- 
sical linear algebra, we develop now a notion corresponding to a kind of linear 
independence of the classes (mod ~) of the given vectors. Let us extend the 
equivalence relation ~ to d-spaces by: if Vi , V2 are d-spaces , 

Vi ~ V 2 & Vi, j e {1, 2}, V5 e Vi, 3S*' e Vj, S ~ S". 

Lemma 330 Let S%, . . . , Sj, . . . , S m £ DRBi.a(( V }}. TTie following are equiv- 
alent 

1. 3a, (3 £ DRB ljTrt ({ ^ )),a / /3, sucft ifeai 

m m 

3=1 3=1 

2. 3j £ [l,m],3 7 £ DRBi, m (( V »,7 e£, s«cfc that 

m 

%> ~ X ^3 ' ^ 

3=1 

5. 3j Q £ [l,m],37 / £ DRB lim ({ V )),j' ]0 ~ 0, swc/i that 

m 
3=1 

^. 3jo £ [l,J7ir], such that 

V((Sj)i<j< m ) ~ V((Sj)i<j< m ,jjij )- 



The equivalence between (1),(2) and (3) was first proved in | Mei89 , Mei92 1 , in 
the case where the Sj's are configurations qjU), with the same w and ip = Idx* 
hence ~ is just the language equivalence realtion =. This is the key-idea around 
which we have developed the notion of d-spaces. 
Proof: (1) (2): 

Let us consider 1Z £ ^(q • S,f3 ■ S), v = Div(o;, f3) and 

(«,«) =min{(w,w') £ Kfll^xl^ | 3j £ [l,m],(a©w = e™) <s> (/3©«/ ^ e™)}. 

(52) 

Let us suppose , for example, that a.Qu — e™ while (3Qv 7^ e™ and let 7 = /3©u. 
As (u,v) eTZeB^ia- S,f3- S) 

(a-S)Qu~(j3-S)®v. (53) 

Using lemma ^3 1 8| we obtain: 

(Q'5)0« = S Jr (54) 



Let us examine now the righthand-side of equality (p3|). Let (v! , v') -< (it, v) with 
\u'\ = \v'\. By condition (4) in definition 324 (u',v') G 7?.Qand by minimality of 



v, (3 v' is a unit iff a u' is a unit. But if a it' is a unit, then a u 
which is false. Hence /3 v' is not a unit. Hence, W -< v, j3 © v' is not a unit . 
By lemma p8| 

(0 • S) © u = 09 © v) ■ S. (55) 

Let us plug equalities d54| ) and (|5^) in equivalence (^) and let us define 7 = (3Qv. 
We obtain: 

(2) (3): 

^'0 ~ 7j ' ^'0 + (JI 7r ^J')' ^ e - 
By corollary [h| point CI, we can deduce that 

^o~£7;7^ = V* ( 7 )-S. 

Taking 7' — V* Q (7) we obtain 

S j0 ~ 7' • 5 where ^ = 0. 

(3) =* (4): 

Let us denote by S 1 the vector (Si, . . . , 0, ■ ■ ■ , iSm) G DB m ,i(( V }}. 

If T = a ■ S then T ~ (aV J0 7') • S". 

(4) ^(1) = 

Let us suppose (4) is true for some integer jo. The element Sj is clearly equiva- 
lent (mod rSj to two linear combinations of the Sj's with non-equivalent vectors 
of coefficients (mod ~). Hence (1) is true. 
□ 



3.4 Derivations 

For every u G X* we define the binary relation f (u) over DBi.>,(( V )) by: for 
every S,S' G DB M <( V )>,5 T (u)S' 3q G IN, 3Ei, E k , ...,E q 6 6 
DB 9)A (( V )} such that 

fc=i fc=i 
and Vfc G [1, g], E x - £ fc , £ fc u £ {0, e}. 

It is clear that if S | then S w = S" and that the converse is not true 

1 here is the main place where this condition (4) is used 



in general. A sequence of deterministic row- vectors Sq, S%, . . . , S n is a derivation 
iff there exist xi, . . . , x n G X such that So x\ — Si, . . . , S„_i x n = S n . The 
length of this derivation is n. If u = x% ■ x% • . . . ■ x n we call So, Si, . . . , S n the 
derivation associated with (S,u). We denote this derivation by So — > S n . 
A derivation So, Si, . . . , S n is said to be stacking iff it is the derivation associated 
to a pair (S, u) such that S = So and So T ( u )S n . A derivation So, Si, . . . , S„ 
is said to be a sub-derivation of a derivation S , S[, . . . , S' rn iff there exists some 
i 6 [0, m] such that, Vj £ [1, n], Sj = S^ +J -. 

Definition 331 ^4 vector S G DRBi.a(( ^ )) is said loop-free if and only if for 
every v e V + , S • v ^ S. 

Let us notice that every polynomial is loop-free. The two following lemmas give 
other examples of loop-free vectors. 

Lemma 332 Let a 6 DB 1 , n (V),$ G B„,x{{ V }}, such that oo > \\a-$\\ > \\$\\. 
Then a ■ <P is loop-free. 

Proof: Let a, <P fulfill the hypothesis of the lemma and suppose, for sake of 
contradiction, that there exists some v G V + such that: 

(a ■ <P) • v — a ■ <P 

By induction, for every n > 0: 

(a ■ $) • v n = a ■ $ (56) 

As a is a polynomial, there exists some uq > such that \v n °\ is greater than 
the greatest length of a monomial of a. Using lemma 311, equality (56) for such 
an integer no means that there exists some k G [1, n], v" suffix of v n ° such that: 

<p k • v " = a ■ $ (57) 

Using the hypothesis of the lemma we conclude that: 

> \\$k»v"\\ = ||a-#|| > ||*|| 

which is contradictory. □ 



Lemma 333 Let S G DRBi. A (( V )),u G X* , such that ||S©u|| > ||S||. Then 
S u is loop-free. 

Proof: Let us consider S, u fulfilling the hypothesis of the lemma and let us 



consider the 3 possible forms of S Qu proposed by lemma 317. The forms (1) or 
(2) are incompatible with the inequality ||S u\\ > ||S||. Hence S u has the 
form (3): 



9 <? 
u = ui ■ U2, S ui = S • vi = E k ■ <P k , S Qu — J^(-Efc u 2 ) • *fc, and 

fe=i fe=i 



VfcG [l,q],E k ^E 1 ,E k Qu 2 i {e,0}. 

Hence S Q u = a ■ <P for some polynomial a G DRBi^I^). As for every k, 
@ k = S • (viEk), we obtain that ||5|| > \\<P\\. Finally 

oo> ||5©tt|| = \\a-$\\ > \\S\\ > 



and by lemma 332, S u is loop- free. □ 



Lemma 334 Let S G DRBi, A (( V }}, w £ X*, suc/i i/iai 

1- S is loop- free 

2- Mu -< w, US' u|| > \\S\\. Then the derivation S — — » S Qw is stacking. 

Proof: 5 is left-deterministic. If it has type or (e,j), the lemma is trivially 
true. Otherwise 



S = Y j E k -$ k , 



k=l 



for some class of letter [2?i]^ = {E±, ■ ■ ■ ,E q } and some matrix <P G DRB g .^(( V )). 
Suppose that for some prefix u < w and k G [1, q], 

E k Ou = e. (58) 

Then, SQu = $ k so that ||5©u|| < \\$\\ < \\S\\ which shows that S = S&u 
while a/e. This would contradict the hypothesis that 5 is loop-free, hence (m) 
is impossible. 



Let us apply now lemma 318 to the expression {E ■ <&) © w. case (2) is impossible 
, hence 

(£•#)© w = (E © w) • 

which is equivalent to 

□ 



Lemma 335 Let S G DRBi jA (( V }},u> G G IN, sucft £W 

||5"0w|| > ||5|| + fc-Xo + l' 

TTien the derivation S — > SOw contains some stacking sub-derivation of length 
k. 

Sketch of proof: Let 5 = Sq, ■ ■ ■ , Si, . . . , S n be the derivation associated to 
(5, to). Let i = max{i G [Q,n] | ||Si|| = mia{||5 3 -|| < j < n}} and ^ = 
max{i G [io + 1, n] | ||5j|| = min{||Sj || | iq + 1 < j < n}}. Let 10 = wqWiw' where 
I tool = io, \wqWi\ = i\. 



As ||5 wo^iH > \\S wo ||, by lemma 333 S wqWi = Si t is loop-free. Using 



lemma 316 



||5„|| - 11^ || > ||S n || - ||5 i0 || - (||^ || - IISoll) >(*-!)• K + 1. 



Using lemma 316 we must have 
definition of i x , Mi G [i\ + 1, fi + k], \\Si\\ > ||5iJ| + 1 



> k. Let w' = W2W3 with |it>2 1 = k. By 



By lemma 334, the sub-derivation S^, 
stacking. □ 



, Si-L+fc (associated to (S^, u^)) is 



Lemma 336 Let 5,5' £ DRBi. A (( V )),u> G X*,k,d,d' G IN, smc/i tfiat 5 is 
d-marked and: 

(1) the derivation 5 — — > 5' contains no stacking sub- derivation of length k. 

(2) \w\ >d-k. 

Then S' is unmarked. 
Proof: By hypothesis 

<? 

5 = ]Ta fc -<£ fe 

fc=i 

for some a G DRBi i<z ( V ), G DRB 9 , A (( V )), ||a|| < d,$ unmarked. 
Let 5 — > 5' = (5o, . . . , 5„). By induction on using hypothesis (1) and lemma 
[334| ( on polynomials , which are particular cases of loop-free series) one can 
show that: for every £ G [0, d], there exists some prefix Wi of w , with length 
\vj£ I < k ■ £ such that either 

S01»! = Wl ) ' With \\ a ® W t\\ < Ml _ 1 ( 59 ) 

k=l 

or there exists an integer k G [1, g] such that 

5©^ = # fc . (60) 

Let us apply this property to £ = d: inequality (|5^) is not possible for this value 
of £ because, by hypothesis (2) of the lemma — £ < 0. Hence (|60| ) is true 
and, as <P is unmarked, 4>k is unmarked , so that 5 w is unmarked. □ 



4 Deduction systems 



4.1 General formal systems 



We follow here the general philosophy of [HHY79,Cou83a|. Let us call formal 
system any triple T> =< A, H, | — > where A is a denumerable set called the 
set of assertions, H , the cost function is a mapping A — > IN U {00} and | — , the 
deduction relation is a subset of Vf{A) x .4 ; A is given with a fixed bijection 
with IN (an "encoding" or "Godel numbering") so that the notions of recursive 
subset, recursively enumerable subset, recursive function, ... over A, Vf(A), ... 
are defined, up to this fixed bijection ; we assume that T> satisfies the following 
axiom: 

(A 1) V(P, A) G |— , (min {H(p),p £?)< H{A)) or (H(A) = 00). 

(We let min(0) = 00). We call V a deduction system iff V is a formal system 

satisfying the additional axiom: 

(A 2) I — is recursively enumerable. 

In the sequel we use the notation P | — A for (P, A) G | — . We call proof in the 
system T>, relative to the set of hypotheses TL C A, any subset P <Z A fulfilling : 

Vp G P, (3Q C P,Q \—p) or [p G TL). 

We call P a proof iff 

V P ef,(3Qcp,Qhp) 
(i.e. iff P is a proof relative to 0). 

Let us define the total map \ '■ ■A — > {0, 1} and the partial map x : A — > {0, 1} 
by: 

X(A) = 1 if = 00, x{A) = if ff(A) < 00, 

X{A) = 1 if i?(A) = 00, x is undefined if H{A) < 00. 
(x is the "truth- value function", x is the "1-value function"). 

Lemma 41 Lei P be a proof relative toTL C i/ -1 (oc) and A € P. Then x(^4) = 
1. 

In other words : if an assertion is provable from true hypotheses, then it is true. 
Proof: Let P be a proof. We prove by induction on n that, 

Tin) : Vp G P, H{p) > n. 

It is clear that, Vp G P, H{p) > 0. Suppose that V{n) is true. Let p G P — 

TL : 3Q C P, Q | p. By induction hypothesis, Vq G Q, H(q) > n and by 

(Al),H(p) > n + 1. It follows that :VpEP-TL, H(p) = 00. But by hypothesis, 
Vp G W, H(p) = 00. □ 

A formal system I? will be said complete iff, conversely, Wl G A, x{A) = 1 ==> 
there exists some /imie proof P such that ^4 G P. (In other words, T> is complete 
iff every true assertion is "finitely" provable) . 



Lemma 42 ; IfVisa complete deduction system, x is a recursive partial map. 



Proof: Let i f, be some recursive function whose domain is IN and whose 
image is Vf(A). Let h : (Vf(A) x A X IN) — > {0, 1} be a total recursive function 
such that : 

P | — A iff 3n e IN, h(P, A, n) = 1 
(such an /i exists, because the r.e. sets are the projections of the recursive sets, 



sec [ |Rog67| ). 



The following (informal) semi-algorithm computes \ on the assertion A : 

1. i : = ; n : = ; s := i + n; 

2. P := P; 

3.6:= min pe p{maxQcp{/i(Q,p, n)}}; 

4. c:= (A € P); 

5. if {b Ac) then (x(A) = 1 ; stop); 

6. if i = then (i := a + 1 ; rt:=0; s := i + n) 
else (i := i — 1 ; n := n + 1) ; 

7 . goto 2 ; 

□ 

In order to define deduction relations from more elementary ones, we set the 
following definitions. 

Let | — C V f (A) x A. For every P, Q £ V f (A) we set : 

[o] 

- P f— Q iff P D Q 

[i] 

- P f— Q iff Vg e Q, 3P C P, P | — g 

<o> [o] 

- P | — Q iff P | — Q 

<i> 

- P |— Q iff Vg S Q, (3R CP,R\— q) or (g e P) 

<n+l> <1> <"> 

- P I — Q iff 3R G P/CA), P |— R and P |~ Q (for every n > 0). 

<*> <n> 

h- -U„> h-- 

Given | — v \ — 2 C P/(^) x Vf(A), for every P, Q € P/(^.) we set : 



P( h- i h- 2 )Q iff 3P C ^, (P 1— X P) A (P I— 2 Q). 



4.2 System B 

Let us define here a particular formal system Bq "Taylored for the a- i/>-bisimulation 
problem for deterministic series" . 

Let us fix two finite alphabets X, Y, a surjection ip : X — > Y (which in- 
duces a surjection X* — » Y* den oted by the same symbol ip) and its kernel 
ip = Kerip C X* x X* ( see section ^2). We also fix a dpda M over the terminal 
alph abet X and consider the variable alphabet V associated to M. (see section 
|3.l|) and the sets DRB,5 iA (( V }) (the sets of Deterministic Rational Boolean ma- 
trices over V* , with S rows and A columns ). The set of assertions is defined by 

A = |J IN x DRB ljA « V » x DRBi, A (( V » 

A>1 

i.e. an assertion is here a weighted equation over DRBi _\(( V }) for some integer 
A. 

For every n > we define 

B n ={TZCip\n fulfills conditions (l'), (2') and (4) of definition 324}. (61) 

We call the elements of B n the admissible relations of order n over X* x X*. For 
every pair (S,S') 6 DRB M (( V }} x DRBi )A (( V )), and n E KU{cx)} we define: 

B n (S 7 S") = {7^ C^|7?.isa?z; — 'ip — bisimulation of order n w.r.t. (5, 5')}. 

(62) 

The "cost-function" H : A -» IN U {oo} is defined by : 
fl"(n,5, 5") = n + 2 • Div(5, S'), 



where 0^(5, S') is the divergence between S and S' (definition 326). We recall 
it is defined by : 

mv{S, S') = in£{n € IN | B n (5, 5") = 0}. 
(We recall inf(0) = oo). 



Let us notice that, by lemma 325 : 

X (n,S,S') = 1 S ~ 5'. 

We define a binary relation || — C Vf(A) x .A, the elementary deduction 
relation, as the set of all the pairs having one of the following forms: 

(RO) 

{{p,S,T)}\\—{p + \,S,T) 

for p e IN, A G IN - {0}, S, T £ DRBi A {( V )), 
(Rl) 

{(p,S,T)}|h~(p,T, 5) 
for p e IN, A e IN - {0}, S, T e DRBi, A « V )), 



(R2) 



{(p,S,S'),(p,S',S")}\^-(p,S,S") 



for p e IN, A G IN - {0}, S,Te DRBi A (( V }}, 
(R3) 

II — (0,5,5) 

for 5 G DRBi.a(( V )), 
(R'3) 

0||— (0,S, Pe (S)) 

for S* G DRBi i(( V )), 
(R4) 

{(p + 1, S © x,T © x') | (x, x') G Hi} || — (p, S, T) 

for p G IN, A G IN - {0},S,T G DRBi a({ V )}, (5 ^ e A T ^ e) and fci G Si, 
(R5) 

{(p, 5, 5')} | h- (P + 2 , ^ a?, 5' a/) 

for p G IN, A G IN - {0},S,T G DRBi. A (( V )),{x,x') ei/i,S~S'AS0j;~ 
S'0i', 
(R6) 

{{p,Sx-T + S,T)}\\— (p, SJ-S,T) 

forp G IN, A G IN-{0}, Si G DRB M « V )), Si + e, (5 1; S) G DRB 1 . A+1 (( F »,T G 
DRBi. A (( V )), 
(R7) 

{(p, 5, S')}|H(p,5-T, S'-T) 

for p G IN, 5, A G IN — {0}, S, S' G DRBi s{( V »,T G DRB 4A (( V )}, 
(R8) 

{(p,!},.,!?,) | l<i<8}\\—(p,S-T,S-T') 
forpGlN,(5,AG]N-{0},S'G DRB M (( V )),T,T' G DRB M (( V )). 



Remark 43 We do not claim that this formal sytem is recursively enumerable: 
due to rule (R5), establishing this property is as difficult as to solve the general 
bisimulation problem for equational graphs of finite out-degree. This difficulty 
will be overcome in section ^ by an elimination lemma . 



Lemma 44 : Let P G Pf(A), A G A such that P \ \ — A. Then min{H{p) \ p G 
P}<H(A). 

Let us introduce a notation: for every n G IN U {oo},A G IN — {O},.?, S' G 
DRBi )A (( V )), 

S ~„5' ^B n {S,S')^%. 

Proof: Let us check this property for every type of rule. 
RO: p + 2 • Div(£, T) < p + 1 + 2 • Div(5, T). 



Rl: p + 2 • Div(5, T) = p + 2 • Div(T, 5). 

R2: as the weight p is the same in all the considered equations, we are reduced 
to prove that : 

Vn e IN, S ~„ 5" A S' ~„ 5" => 5 ~„ S" . This is true because, if 72 G B n {S, S') 

and 72' G B n {S',S"), then 72 o 72' e B n (S,S"). 

R3: Let us notice that Id^* C 0. It follows that oo = Drv^S, S). 

R'3: The definition of G from Go is such that, S = p e (S), hence S ~ Pe(S') an d 

oo = Div(5,p e (5)). 

R4: Let n £ IN such that: 

V(x,x') £ 72.1,71 < Div(S x, S" 0x'). 

Let us choose, for every (x,x') £ 72i, some 1Z X>X < E B n (S x, S' a;'). Let us 
define then 

72 = (J (x,x')-TZ x ^. 

72 belongs to S„+i(5, 5"). It follows that 

min{Div(5 x, S' a;') | (x, x') G 72i} + 1 < Div(5, S") 

hence that 

min{i7 (p + l,SQx,S'Q x') | (x, x') G 72i} < ff(p, S, S') - 1. 

R5: By hypothesis, F(p + 2, S x, 5' x') = oo. 
R6: Let n G IN such that: 

n < Div(5i -T + 5,T). 

Let 72 G B„(£i - T + S,T). Let 72' = 72 <Sl <* > (see definition @ in Q). As we 
have 

W eB n {S{-S,T), 

we get the inequality : Div(5i -T + S,T)< Div(S* ■ S,T). 
R7: Let n < Div((5, 5") and 72 G B n (S, S"). Let us consider: 72' =< S\K > (see 
definition @ in gQ. As we have 72' £ B n (S l • T, S" • T), the required inequality 
is proved. 

R8: Let n < min{Div(T 4! », T^) 1 < i < 5} and, for every z £ [1,3], let 
72., G B n (T h *,T[J. Let us consider 72' =< S,K > (see definition @) in jp^). 
As we know that 

72' G B n (S -T,S -T'), 

the required inequality is proved. □ 

Let us define | — by : for every P G Vf(A), A £ A, 

<*> [i] <*> 
P\-A^P ||~ o|h- , 4 o |h- {A}. 



where || — ,3,4 is the relation defined by i?o, -^3, R'-n R4 only. We let 

Bo =< A, H, \ — > . 



Lemma 45 : Bq is a formal system. 

Proof: Using lemma one can show by induction on n that : 

<n> 

P I (— Q e Q, mm{iT(A) I A G P} < H(q). 

The proof of lemma [l4] also reveals that : 

P \Y~ {o,3.4}9 (min{#(p) p G P] < H(q)) or H(q) = 00. 
It follows that, for every m, n > : 

<n> [1] <m> 

P \\ — Q \ h- 0,3,4 # IK 9 (min{ J ff (p) |p£P}< ff (g)) or = 00. 

Hence axiom (Al) is fulfilled. □ 

Let us remark the following algebraic corollaries of lemma 44 
Corollary 46 

(CI) VAGM-{0},S a G DRB u ((y»,S , i^e,(5i,5) G DRBi, A+ i(( V »,T G 
DRBi, A «y )>, 

5i • T + S ~ T^S*!* • 5 ~ T 
(C2) W, A G IN - {0}, S, S' G DRBi, s (( V )), T G DRB M (( V )), 

S ~ • T ~ S" ■ T 

(C3) VA G IN - {0}, 5, S" G DRBi,i(( V »,Te DRB X , A « F )), 

[5 • T ~ S" • T and T ^ A ] - S" 

(C4) V£, A e IN - {0}, S G DRB M « U }},T,T' G DRB 4 , A « V )), 

T ~T'=^S -T ~ 5 -T'. 

Proof: Statement (Ci) (for 1 < i < 4) is a direct corollary of the fact that the 
value of H at the left-hand side of some rule (Rj) is smaller or equal to the 
value of H at the right-hand side of rule (Rj): (CI) is justified by (R6), (C2) by 
(R7),(C4) by (R8). 



Let us prove (C3): suppose that A € IN - {0},S,S' G DRBi.i(( V )),T G 
DRBi, A « V }} and 

S ■ T ~ 5" • T and S j> S'. (63) 
Let TZ G B oc (S -T,S' ■ T) and let 

(u,u') =min{ (v,t/) G ft | (p e (S0«) = e) <S> ( Pe (S' Qv') ^ e)}. 

From the hypothesis that TZ £ B^S ■ T, S' ■ T), we get that 

\/(v,v')eH, (S-T)Qv- (S'-T)Qv', 

and by the choice of (w,it') we obtain that: 

T~(S'0fi')-Tor(S0u)-T~ T, 

which, by CI, implies: 

T ~ (S" u')* • A or (S it)* • A ~ T, 

i.e. T ~ A , which implies (because G is a reduced grammar) that 

T = A . (64) 

We have proved that ( p3[ ) implies ([34]), hence (C3). □ 



4.3 Congruence closure 

Let us consider the subset C of the rules of Bq, consisting of all the instances of 
the metarules R0,R1,R2,R3,R'3,R6,R7,R8. We also denote by \\~ c C V f (A) x A 
the set of al l instances of these meta-rules. We are interested here ( and later in 
section 10.1 ) in special subsets of A which express an ordinary weighted equation 



(p, S, S') together with an admissible binary relation TZ of finite order (which is 
a candidate to be a w-^-bisimulation w.r.t. (S, S')). 

For every p.nel.UH- {0},S,S' G DRB x ,a(( V )),K G B~„, we use the 
notation: 

\p,S,S',Tl] = {{p +\u\,SQu,S'& u) I (u,u') G TZ}. (65) 

One can check the following properties, 
composition: 

for every p,n £ IN, A G IN - {0}, S, T £ DRBi, A (( V )),TZ 1 ,TZ 2 G B n , 
[p, S, S', Tit] U [p, S', S", TZ 2 ] f - c [p, S, S", Tlx o TZ 2 ] 

star: 

foreveryp,n G IN, A £ JN-{0},5i £ DRBi.i(( V )), Si ^ e,(Si,S) £ DRBi >A+1 « V », T G 
DRB M « V )),K£B n , 

\p, Si - T + S,T, TZ] P c [p, St ■ S, T, TZ <S ^*>] 



right-product: 

for every p, n G IN, 6, A G ]N-{0},5,5' G DRB M (( V)),Te DRB 4 , A (( V )),72 G 



[p, S, S", 72.] |h- c [P. S ' T > S' -T,< S\K >} 



left-product: 

for every p, n G IN, 5, A G JN-{0}, 5 G DRBi 4 (( V)),T,T' G DRB 4 A (( V )), 72i , . . . , 72 4 G 
|J [p, T 8>) r it „ 72,] P c \p,S-T,S-T',<S,TZ >]. 

l<i<S 

Given a subset P G T 3 /^), we call congruence closure of P, denoted by Cong(P), 
the set: 

Cong(P) = {AeA\P \£- e {A}} (66) 
As well, for every integer q > we define: 

Cong g (P) = {A G A | P |h- c {A}} (67) 

4.4 Strategies 



One key-step of this work is the statement that Bo is complete (theorem 106). 
We prove this completeness result by exhibiting a "strategy" S which, for ev- 
ery true assertion (p,S,S'), constructs a finite So-proof of this assertion. Let 

T> =< A, H, j > be a formal system. We call a strategy for T> any map 

S : A + -> V{A*) such that: 

(51) if Bi ■ ■ ■ B m G S(A 1 A 2 ■ ■ ■ An) then 3Q C {A; | 1 < i < n - 1} such that 

{B 3 | 1 < j < m} U Q j— A„, 

(52) if Bi • • • B m G 5(Ai A 2 • • • A n ) then 

min{77(yli) | 1 < i < n} = oo => min{P(Pj) | 1 < j < m} = oo. 



Remark 47 P may happen that e G S(Ai A 2 ■ ■ ■ A n ) ( and correspondingly, that 
m = in the above conditions): it just means that {A\, . . . , A n _i} | — A n . It 
may also happen that S(AiA 2 • • • A n ) — 0: it means , intuitively, that S ''does 
not know" how to extend a proof ( with hypothesis), with the only information 
that the given proof contains the assertions A\, A 2 , ■ ■ ■ A n . 



Remark 48 Axiom (Al) on systems is similar to the "monotonicity" condition 
of [HHY7iJ or axiom (2.4-2') of ^Cou83oJ. Axiom (S2) on strategies is similar 
to the "validity" condition of [HHY7i] or property (2.4-1') of [ Cou83(\ ]. 



Given a strategy S, we define T(S,A), the set of proof-trees associated to the 
strategy S and the assertion A as the set of all the trees t fulfilling the following 
properties: 



e e dom(t), t(e) = A, (68) 

and, for every path xqXi, ■ ■ ■ x„_i in t, with labels i(x^) = Ai + \ (for < i < n— 1) 
if x n -\ has m sons x n _i ■ 1, • ■ ■ .x„_i ■ m G dom(t) with labels i(x„_i ■ j) = Bj 
(for 1 < j < m) then 

(Bi ■ ■ ■ B m ) e S(A! ■ ■ ■ A n ) or m = 0. (69) 

The proof-tree t is said closed iff it fulfills the additional condition: for every 
path xqXi, ■ ■ ■ a; T i-i in i, with labels t(xi) — Ai + \ (for < i < n — 1) if x n _i 
has m sons x„_i • 1, • • • ,x„_i • m S dom(i) with labels t(x„_i • j) = -Bj (for 
1 < j < m) then 

rn = => ((3i G [l,n - 1], A ( = A„) or (e e 5(Ai • • • A„))) (70) 

A node x G dom(t) is said closed iff it is an internal node or it is a leaf fulfilling 
property (|7?j) above. 

The proof-tree t is said repetition-free iff, for every x,x' G dom(t), 
[x H x'and t(x) = i(a;')] ^ x = x' or x' is a leaf . 
For every tree t let us define: 

C{t) = {t(x)\Vy G dom(i), a; ^ y =;> x = y}, Z(i) = {i(x)|3y G dom(i), x -< y}. 

(Here C stands for "leaves" and X stands for "internal nodes"). 

Lemma 49 If S is a strategy for the deduction- system T> then, for every true 
assertion A and every t G T(S, A) 

(1) the set of labels of t is a V-proof, relative to the set C(t) —J(t). 

(2) every label of a leaf is true. 

Proof: Let us suppose that H(A) = oo. Let t G T(S, A), P = im(i) (the set of 
labels oit),n = C(t)-l(t). 

Using (S2), one can prove by induction on the depth of x G dom(i) that, 
H(t(x)) = oo. Point (2) is then proved. Let x be an internal node of t, with 
sons x ■ 1, x ■ 2, • • • , x ■ m (m > 1), and with ancestors yi, y2, • • • , y n -i, Vn = x 
(n > f), such that 

t(yi) ■ ■ ■ t(Vn) = A x ■ ■ ■ A^, t{xi) ■ ■ ■ t(x m ) = Bi ■ ■ ■ B m . 

By definition of T(S,A), 

B x --- B m e SiAx ■■■A n ) 



and by condition (SI): 

3Q C{Ai\i<n - 1}, such that {Bj 1 < j < m} [J Q | — A„. 
It follows that for every p ^ H, 3R C P,R | — p, hence 

Vp G P, (3R QP,R\ — p) or pe H. 

Point (1) is proved. □ 

For every X>-strategy S, we use the notation: 

T(S)= |J T(S,A). 

AeH^ 1 (oc) 

We call a global strategy w.r.t. S any total map S : T(S) — > such that: 

VteT{S),t<S{t). (71) 
<S is a terminating global strategy iff: 

VA G fl-^ooj.ano G IN,S ,l °(A ) =5 no+1 (^o), (72) 

>S is a closed global strategy iff: 

VA G fl-^ooJ.Vn G JN,5 n (A ) is closed ^ <S"(A ) = S n+1 {A ), (73) 

(where the assertion Aq is identified with the tree reduced to one node whose 
label is A ). 

Lemma 410 : Let T> be a formal system, S a strategy for T> and S a global 
strategy w.r.t. S. If S is terminating and S is closed, then T> is complete. 

Proof: Let Aq G A. Under the hypothesis of the lemma, 3uq G IN such that 
( |72| ) and ( |73|) are both true. Hence t^ — S n °(Ao) is a closed proof-tree for S. 
By lemma]49 im(ioo) is a £>-proof relative to the set £(ioo) ~ 1{too)- Let a; be a 
leaf such that t^x) G £(too) — 1{too)- Let Aq, Ai, . . . , A n = t QO (x) be the word 
labelling the path from the root to x. As x is closed and too(x) G £(too) — I(ioo) 
by (|70|), e G <S(Ai • • • A n ) hence {Ai, . . . , A„_i} j — too 0*0 • It follows that im(too) 
is a 2?-proof . □ 



5 Triangulations 



Let Si, S2, • ■ ■ , Sd be a family of deterministic row- vectors over the structured 
alphabet V ( i.e. Si € DRB M (( V }} where A e IN - {0}). We recall V is the 



alphabet associated with some dpda M. as defined in section 2.4 
Let us consider a sequence <S of n "weighted" linear equations : 



(£) -Ph^^jSj , ^2Pi,jSj (74) 

where pi € IN — {0}, and A = (<Xjj), -B = are deterministic rational matri- 

ces of dimension (n, d), with indices m < i < m + n — 1, 1 < j < d. 

For any weighted equation, £ = (p,S,S'), we recall the "cost" of this equa- 
tion is : H(S) = p + 2- Div(S, S'). 

Let us define an oracle on deterministic vectors as a mapping O : Ua>i DRBi _\(( V )) X 
DRB 1)A (( V )) -»-:P(X* X X*) such that: 

V(5, S') e DRB 1)A « V }) x DRBi, A (( 7 )), S ~ S" =► 0(5, S') e 6^(5, 5'). 

In other words, an oracle is a choice of w-^-bisimulation for every pair of equiv- 
alent vectors ( modulo ~). Let us denote by J? the set of all oracles. Let us fix 
an oracle O throughout this section. 

We associate to every system ([74]) another equation, INV*- -' (S), which "trans- 
lates the equations of S into equations over the coefficients (aij,(3ij) only"^. 
The general idea of the construction of INV^' consists in iterating the trans- 



formation used in the proof of (1) (2) => (3) in lemma 330 , i.e. the classical 
idea of triangulating a system of linear equations. Of course we must deal with 
the weights and relate the construction with the deduction system Bq. 
We assume here that 

Vje[M,S,-^0\ (75) 

Let us define INV (0) (S), W^°\S) G IN U {!_}, D(°)(5) 6 IN by induction on 
n. W^°'{S) is the weight of 5. D^(S) is the weak codimension of S. 
Case 1 : a m ^ ~ (3 m ^. 

INV^(S) - (W<°>(S),a m ,,,/3 m ,,), W(°)(5) =p ro - 1, D<°>(S) = 0. 
Case 2 : a m ^ ^ (3 m ,*,n > 2,p m+1 - p m > 2 • Div(a; mi *,/3 mi *) + 1. 
Let us consider TZ = 0(X^'=i a m,i^'iEj=i Pm,jSj), v = Div(a m ,», /3 m ,*) and 

(«,u') = min{(i;,t/) e KnX^xX^ \ 3j e [l,d], (a m »Ov = e^) <s> (/3 m *0i/ ^ ej 1 )}. 

(76) 



The function INV defined in J5en97tf was an "elaborated version" of the 



inverse 



systems defined in [Mei89 Mei92| in the case of a single equation. We consider here 



a relativization of this notion to some oracle O. 



Let us consider the integer j G [1, d] such that (a m ,* 0u-f - )«• ((3 m ,* 0«'/ 



e A ) 



Subcase 1 : a m J0 0m-e, /3 m J0 0ii'/e. 
Let us consider the equation 

d 

(O : Pm + 2 • |u|,Sj , 51 OWo © «')*(AnJ © U ') S 3 

3=1 

and define a new system of weighted equations S 1 = (^')m+i<i<m+n-i by : 

^[(oij+ajjo^joOttO'^jOu')]^ , £ [^iJ+l 3 iJo^m, jo Qv.T^m, j Qu , )]S j 

3^30 j¥=3o 

where the above equation is seen as as an equation between two linear combi- 
nations of the Si's, 1 < i < d, where the jo-th coefficient is on both sides. We 
then define : 

INV (0) (5) =INV (0) (5'),W (0) (5) = W (0) (S'),D^(S) =D { °\S') + 1. 

Subcase 2 : a m ,j 0«/e, Pm,j &u' = e. 
(analogous to subcase 1). 
Case 3 : a OT) * ^ /? m ,*,n = 1. 
We then define: 

INV (0) (S) = ±,W (0) (<S) = _L,D<°>(S) = 0, 

where _L is a special symbol which can be understood as meaning "undefined" . 
Case 4 : a m ,* ^ /3 m ,*,n > 2,p m+ i -p m < 2 • Div(a TO ,*, /3 m ,*). 
We then define: 

INV (0) (5) = ±,W (0) (<S) = _L,D<°>(S) = 0. 

Lemma 51 : Lei S be a system of weighted linear equations with deterministic 
rational coefficients. I/INV (0) (S) ^ _L then, INV (0) (<S) is a weighted linear 
equation with deterministic rational coefficients. 



Proof: Follows from lemmas 321,322 and the formula defining S' from S. □ 
From now on, and up to the end of this section, we simply write "linear equation" 
to mean " weighted linear equations with deterministic rational coefficients" . 

Lemma 52 : Let S be a system of weighted linear equations with deterministic 
rational coefficients. If INV (0) (S) ^ _L then: 

1. {INV^(S)} U{£i\m<i<m + ^(S) - 1} |— £ m+D( o, (5) 

2. mxa{H(Si) \ m < i < m + D(°)(«S)} = oo =-> H(mV io) (S)) = oo. 



Proof: See on figure [l] the "graph of the deductions" we use for proving point 
(1). Let us prove by induction on D^°'(5) the following strengthened version of 
point (1): 

{INV<°>(S)} U{£ l \m<i<m + D<°>(S) - 1} p r^(£ m+Dm(s) ) (77) 

where, for every integer k e 2Z, r k : {(p, S, S') E A | p > —k} — > ^4 is the 

translation map on the weights: 7fc(p, S, S') = (p + k, S, S'). 

if D^°\S) = : as INV (0) (5) ^ ±,S must fulfill the hypothesis of case 1. 

d d 
£m = (jpm , a m,j Sj , [3 m .j Sj ) = £ m +D(°)(S) 
3=1 3=1 

MV<°> (5) = (p m -l,a m ,», 
Using rules (R7) we obtain : 

<*> d d 

INV (0) (^) II— (Pm-l,I>m,^,^,AnjSi)=T-l(£ m ). 

3=1 3 = 1 

if D(°)(5) = n+l,n>0 : S must fulfill case 2. 
• Suppose case 2, subcase 1 occurs. 

As the relation 1Z used in the construction of £' m from £ m is a w--0-bisimulation 
w.r.t. the pair of sides of equation £ m , using (R5) and then (R6) ,(this is possible 
because f3 m j Q u' ^ e), we obtain a deduction : 

<2-|«| + l> 

£m II— £'m. (78) 

Using (R2,R8) we get that, for every i e [m + l,m + D ( °)(S)] 

<*> 

{£i,£' m } || — (max{pi,p m +2 | u |}, (aij+ai,j (/3 mtj Qu'))Sj, }^ 0i,j+Pi,j o (0m,j®u'))Sj) 

3^30 j¥=3o 

but the hypothesis of case 2 implies that max{p m+ i,p m + 2 it |} = p m +i and the 
fact that INV (0) (5') is defined implies that Vi £ [m+1, m+D(°)(5)],Pi > p m+ i, 
hence, max {pi,p m + 2 | u |} = pi and the right-hand side of the above deduction 
is exactly £' i. Hence, 

Vie[m + l,ro + D< >(S)], {£,£'„,} f- (79) 



Using deductions (78) and (|79|), we obtain that: 

| m < i < to + D (0) (5) - 1} || — {£\ | m < i < to + D (0) (S) - 1}. (80) 
By induction hypothesis : 

INV ( °)(5')U{^' |m + l<i<m + l + D< >(S')-l} IK r-i(f' m+1+DC o, (s0 ) 



which is equivalent to 

INV^(S) U{Sl\m + l<i<m+ D<°>(S) - 1} r_ 1 (f' m+D(0)(5) ). (81) 

As p m + 2 ■ \u\ < p m +i — 1 < Pm+D<°>(<s) — 1; we have also the following inverse 
deduction ( which is similar to deduction (f79|)): 

<*> 

{£'m, T-l(f'm+D(°)(5))} II T - 1 (^m+D<0) («S) ) • (82) 

Combining together deductions (|80[ ) (|8l| ) and (|82|) , we have proved (0). Using 
rule (RO), this last deduction leads to point (1) of the lemma. 
• Suppose now that case 2, subcase 2 occurs. 

This case can bet treated in the same way as subcase 1, just by exchanging the 
roles of a, (3. 

Let us prove statement (2) of the lemma. 

We prove by induction on D^ '(5) the statement: 

min-THX^) | m < i < m + D (0) (S)} = oo #(INV (0) (S)) = oo. (83) 

if D<°>(S) = : as INV (0) (S) ^_L, case 1 must occur. a m ^ ~ f3 m .* implies that 
iJ(INV (G) (5)) = oo, hence the statement is true. 

if D(°)(S) = p + l,p > : as D(°)(5) > 1 and MV (0) («S) ^_L, case 2 must 
occur. 

Using deductions (78) and ( |79| ) established above we obtain that : 

|m<i < m + D^)^)} I)— {£^\m + l<i< m + 1 + D^°\S')}, 
which proves that 

mm{H(£i) m < i < m+D (0) (S)} < rniri{.H"(£-) | m+1 < i < m+l+D (0) (£')}• 

(84) 

AsD(°)(5 / ) = D(°)(5)-l, we can use the induction hypothesis: 

mm{H(£^) \m+l<i<m + l + D(S')} = oo iJ(±NV (0) (<S')) = oo. (85) 
As INV (0) (5) = INV (0) (5'), (HH) imply statement Q. □ 



Lemma 53 : Lei S be a system of linear equations satisfying the hypothesis of 
case 2. Then, Vi 6 [m + 1, m + n — 1], 

II <* ||<|| || + || An,* || +^0 | U |,|| \\<\\ fii,* || + || dm., || +K | U | . 

ProofThe formula defining S' from S show that: 

<* = av n Jo( n ; (/w uO); a- * = A,* n J0 ( n ; (/w © «'))• 



From these equalities and lemmas p21 , p22 , 316 the inequalities on the norm fol- 
low. □ 



Let us consider the function F defined by : 

F(d, n) = max{Div(A, B)\A,Be DRB M (( V }}, \\ A \\< n,\\ B \\< n, A ^ B}. 
For every integer parameters Kq, K\,K 2 , if 3, if 4 € IN — {0}, we define integer 



sequences (Si, li, L t , Si, S t , S l ) m < l < 



m+n—1 



by 



0, L m = K 2 


, s m = K 3 ■ K 2 + K A , S m = 




' S i+ i = 


2 • F{d, Si + E f ) + 1 




h+i = 


2 • <5 i+ i + 3 




Li+i = 


K 1 ■ (Li + £ i+1 ) + K 2 


< 


Si+1 = 


if 3 ■ L i+1 + if 4 




Si+i — 


Si +E t + K a F(d, Si + Ei) 




k £i+i = 


Ei + Si+i 



(86) 



(87) 



for m<i<m + n — 2. 

These sequences are intended to have the following meanings when ifo, K\,K 2 , if 3, if 4 
are chosen to be the constants defined in section ^ and the equations are 
labelling nodes of a B-stacking sequence (see section 8.2): 

Si+i < increase of weight between £i,£i+i 
@i+i > increase of depth between Si, 
Li+i > increase of depth between E m ,£i+i 
Si+i > size of the coefficients of £i+i 

Si+i > size of the coefficients of ( these systems are introduced below 

in the proof of lemma |54| ) 
Ei+i > increase of the coefficients between £;( l_m ) ; £( l+1 ~ m - ) ( for k > i+ 1). 

For every linear equation £ = (p, J2j=i a jSj , Sj=i ftjSj), we define 
|||£|||=moar{|| (ai,...,a d ) \\,\\ (Pi,...,f3 d ) ||}. 



Lemma 54 Let S = (£i) m <i< m +d-i be a system of d linear equations such that 
H(£i) — 00 ( for every i) and : 

(1) Vie [m,m + d-l],\\\£i \\\< Si 

(2) Vz € [m, m + d - 2], W(£ i+1 ) - W(£) > <S l+ i- 

Then 

(3) INV (0) (5) /_L. 

(4) D(°)(5) <d-l, 

(5) HI INV^(«S) |||< E m+u( o Hs) +s m+B( a Hs) . 



Proof: (Figure || might help the reader to follow the definitions below). Let 
us define a sequence of systems S( J ~ m ) = (£ l £~ m ^) m <i<k<m+d-i< l where i e 
[TO, TO + D<°) (5)], by induction : 

— £^ = £k for m<k<m + d— 1 

— if case 1 or case 3 or case 4 is realized, D^^S) — 0, hence S( l ~ m ) is well- 
defined for m < i < m + D^^iS) 

— if case 2 is realized then we set : Vi > to + = (£'i t )^~ m ~ 1 \ f° r 

TO + l<fc<TO + rf— 1. 

Let us prove by induction on i e [to, to + D(°) (<S)] that, Vfc G [i, m + d — 1] : 

W^-" lll< + (88) 

i = to : in this case 

iii^r m) iiN]]^iii<^=^+r m . 

i + 1 < m + D(°)(5): in this case, by lemma p3|, 

i]i4 +i " m) i]]<iii^r ro) iii+iii^ m) ni +^oi«i 

where = 0(Ej =1 «■',■ C ""*,•>• " : In ' ' ~ "" . ■ "*''), an<! 

e A 



(u,«') = min{(»,«') e Rfll^ x | 3j G [1, d], (af~ m) Qv = ej) & 

By definition of F and the induction hypothesis : 

\u\<F{d,\\\£?- m) |||)<F(d, * + 

Hence 

III £% +x - m) |||< (a fc + £,) + + ^) + K F(d, s t + S t ) = (« fc + 27,) + S i+1 



= s fc + 



i+i- 



Let us notice that D^°\S) is always an integer and that this proof is valid for 
to < i < TO + D ( °)(S),i <k<m + d-l. 

Let us prove now that INV^(iS) ^_L. Let us consider the system (£j[ D ^^m+Df ) (s)<fe<m+d-l- 

If D<°)(5) = d - 1, ( D<0) (<s))) fulfills cither case f or case 3 of the definition 

of INV^ -* (just because this system consists of a single equation). 

Using the successive deductions (|78|)([79|) established in the proof of lemma [[H 

we get that: 

{£i | m<i<m + d—l} ff-— {^-il- 
Using now the hypothesis that H(£i) = oo ( for m<i<m + d— l),we obtain: 

H(£^l 1 ) = oc. (89) 



For any system of equations S , let us define the support of the system as 

rn+rc— 1 

supp(S) = {j e [l,d] | a « + &>4 ^ >- 

i—m 

Let us consider (5 = Card(supp(5^ -1 ^). One can prove by induction on i that: 
Card(supp(<S ( ^ m) ) < d - i + m, 

hence 

S = Card(supp(S (d-1) ) < d - (d - 1) = 1. 

- If S = l.suppf^- 1 )) = {j }, for some j e_Tl,d]. 

By corollary point C3 and hypothesis ( f75[ ) , the implication 

holds. Hence , by ©, afci-iA ~ P£+d-ij„> Le ' fulfills case 80 

that 

INV (0) (5) = INV (0) (5 (d - 1} ) j4 _L 

- If S = 0, supp(S) = 0. 

Then a^d-i.* = P^+Zi,* = ® d - Here also s(d ' 1} mlfills case L 

If D^iS) < d- 1, by hypothesis : 

W(£ m+D ce>)( 5 ) +1 )— W(f m+D (o)( S )) > <5„ i+ D(°)(5)+i = 2F(d, s m+D (o)( S )+i7 m+D (o)( S ))+l. 

If "^D^W* ~ ^m+D(o)(S),*' then ^m+DC^CS) fulfills case 1 of the definition 
of INV (0) , hence INV (0) (5) 
Otherwise, let us consider: 

4=1 4=1 
i/ = Divfa^p^j^./J^cS^j^), and 

(«, u') = min{(«, i/) G ft n x | 3j G [1, d], (a^wjs),. v = e 4 ) 
By definition of i 7, and inequality (p8[) , 



I u \< F(d, HI ^ TO+D( o)( 5) III) < F(d, s m+D (o )(5) + E m+ rno)(s))- 



Hence P„ 1+ d(°)(<s)+i — Pm+D(°)(S) > 2 I u I +1 i.e. the hypothesis of case 2 is re- 
alized. This proves that D(°>(S< D<C,) ( 5 ») > 1 while in fact, (S^ ^) = 0. 
This contradiction shows that this last case (D( )(<S) < d — 1 and £^ D (eo(s) 

not fulfilling case 1 of definition of INV^) is impossible. We have proved point 
(3) of the lemma. □ 
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Fig. 1. Proof of lemma 5.2 
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Fig. 2. Proof of lemma 5.4 



6 Constants 



Let us fix a birooted dpda A4, a s.r. morphism ijj and an initial equation Aq = 
(ilo, Sq, Sq) E IN x DRBi )Ao « V" )) x DRBi, Ao (( V )) in the corresponding 
set of assertions. This short section is devoted to the definition of some integer 
constants: these integers are constant in the sense that they are depending only 
on this triple : {M., tp,Ao). The motivation of each of these definitions will appear 
later on, in different places for the different constants. The equations below 
provide merely an overview of the dependencies betweens these constants and 
allow to check that the definitions are sound ( i.e. there is no hidden loop in the 
dependencies). 

fc = max{^(w) \v eV}, k x = max{2fc + 1, 3}, (90) 



Kq = max{||(£Ji, E%, ■ ■ ■ , E n ) x\\ | (-Ei)i<i<„ is a bijective numbering 

of some class in V/ s -^, x S X}. (91) 

K serves as an upper-bound on the possible increase of norm under the right- 



action of a single letter x E X , see lemma 316 



D 1= k -K + \Q\ + 2, k 2 = D x ■ ki ■ K + 2 • k x ■ K + K . (92) 

k\ is used in the definition of strategy Tb (section D\ appears as an upper- 
bound on the marked part of series and k 2 is used in lemma 



k 3 = k 2 + ki ■ K , ki = (fc 3 + l) -Ko + ki. (93) 



k% appears in in lemma |85j, ki is used in the definition (126) of the d-space Vo- 
K 1 = ki-K + 1, K 2 = k 2 1 -D 1 -K + k 2 1 -K + 2-k 1 -Ko + D 1 -k 1 + 2-k 1 + 4. (94) 
These constants K\ , K 2 appear in lemma |8?]. 

K z = ko\Q\, K4. = Dx. (95) 
These constants K%, Ki appear in lemma |88|. 

d = Cardpf^ 4 ). (96) 

do appears as an upper-bound on the dimension of the d-space Vo defined by 
equation ( |126| ) and used in lemma We consider now the integer sequences 
(6i,£i, Li, Si, Si, £i) m <i< m + n -i defined by the relations ( |S7j) of section [3] where 
the parameters Ko, K±, . . . , Ki are chosen to be the above constants and m = 
1, n — d — do. Equivalcntly, they are defined by: 



& = 0, l x = 0, Li = K 2 , Sl =K 3 -K 2 + K4, Si = 0,Si = 0, (97) 



Si+i 


= 2 • F(d 


Si + Si) + 1 


h+l 


= 2 • S i+ i - 


f3 


Li+i 


- Ki ■ (Li 


+ ii+i) + K 2 


Si+l 


= K 3 ■ L l+ 


i + Ki 


Si+i 


= Si + Si 


±K -F(d ,Si + Si) 




= Si + Si- 


-i 



(98) 



for 1 < i < do — 1. The function F is defined in section ^ and depends on the 
pair (M, "0) only. 



Do 



max{S do + s do ,\\S ||,||5^||}, 



(99) 



Sd + s c i appears in the conclusion of lemma |5J when we take d = do in 
the hypothesis and suppose that D^(S) has its maximal possible value i.e. 
D(°)(iS) = do — 1. It is used as an upper-bound o n th e norm of vectors at the 
root of the trees r analysed in part || (inequation (112)). 



A 2 = max{A ,d }, 



(100) 



The integer A 2 is used as an upper-bound on the length of vectors at the root of 
the trees r analysed in part || (inequation (|113|)). 



N = l + k 3 + D 2 . 



(101) 



No appears as a lower bound for the norm in the definition of a B-stacking se- 
quence (section |jT2| condition (|116|)). 



7 Strategies for B 

Let us define strategies for the particular system Bq. 



7.1 Strategies 

We shall define first auxiliary strategies T cut , T0, T e , and then for every oracle 

O en auxiliary strategies T { £\ T B °\ we define the strategies Ta, Tb, Tq 

and finally the "compound" strategies S A ° B \S A g C ,SAB,SABC- Let us fix here 
some total ordering on X : x\ < x 2 < ■ ■ ■ < x a . 

B 1 ---B rn eT cut (A 1 ---A n ) iff 3ie [l,n-l],3S,T, 

Ai = (pi, 5, T), A n = (p n , 5, T),pi < p n and m = OQ. 

T 9 : 

B 1 ---B m eT {A 1 A 2 ---A n ) iff 35, T, 

A n = {p, S,T),p > 0,5 = T = A and m = 0. 

T £ : 

B 1 ---B m eT E (A 1 ---A n ) iff 

A n = (p, 5, T),p > 0, 5 = T = e$( for some i G [1, A]) and m = 0. 
Let us consider an oracle O G Q. 

T (C). 

B 1 ---B m eT A 0) (A 1 ---A n ) iff 

A n = {p, S,T),\X \< m <| X \ 2 ,B X = (p+1, S@ Xl , TQx[), ■ ■ ■ , B m = (p+1, S®x m , TQx' m ), 
where S^£,T^e,0{S,T)nXxX = {{x 1 ,x' 1 ),...,(x i ,x > i ),...,(x m ,x' m )}. 

T (0),+. 

B _ _ 

B x ■ ■ ■ B m G T+(Ai ■ ■ ■ A n ) iff n > h + 1, A n - kl = (vr, U, U'), (where U is 
unmarked) 

U' = J2 E k- -$k for some q G IN, E k G V, 
fe=i 

(Ek)i<k< bijective numbering of a class in V/ ^fe G DRBi,a(( )) 

^ = (-7T + fci + i — ft, C/i, {//) for n — ki < i < n, (Uj) n -ki <i< n is a derivation, 

{U'An-kxKi^n is a "stacking derivation" (see definitions in §jOj), 

<? 

U'n = ^2(E k Qu) ■ <P k , for some u G X*, 

fc=i 

3 i.e. Si • • • B m = e 



to = 1, B l = (tt + fci - 1, V, V"), V = f/„, 

v' = 5^p e (£fc©u)-(crou fc ) 
fe=i 

where Vfc £ [l,g],u' fc = min(^(£ fe )), and if 11 = 0(S,T),Vk e [l,q],u k = 

min^K)}- 
T (0) ,-. 

T^'~ is defined in the same way as T^' + by exchanging the left series 
and right series in every assertion (p, S~ , S + ). 

T (0). 

B 1 ■ ■ ■ B m e T^° ) (A 1 ■■■A n ) iff there exists d e [l,d a ],D G [0, d— 1], A e N- 
{0}, Si, Si,---,S d e DRBi, A (( K » - {0 A }, f < ki < k 2 < • • • < k d+1 = n, 
such that, 

(Cf ) every equation £j = A Ki = (p Ki Sp K , 5+. ) is a weighted equation over 

Si,S 2 , - ■ ■ ,S d , withp Ki > 1, 
(C2)D(°)(5) = D (where S = (£) 
(C3)INV<°)(5) ^ _L,||| ESTV(°>(5) |||< ^ + s do , 

(C4) to = 1 and B\ = p e (lNV^°'(S)) ( where p e is the obvious extension 
of p e to weighted pairs of deterministic row- vectors; in other words the 
result of is INV^(<S) where the marks have been removed). 

We then set, for every W 6 A + : 

T A (W) = |J T<f \W), 

TUW)= (J T^' + {W), T B (W)= |J T^~(W), 
T C (W)= |J T<?\w). 

Lemma 71 : T cuU T^,T €i Ta are Bq- strategies. 
Proof: 

T cu t ■ (SI) is true by rule R0. (S2) is trivially true. 
T : (SI) is true by rule R'3. (S2) is trivially true. 
T e : (SI) is true by rule R'3. (S2) is trivially true. 

T A : by rule (R4), {Bj | 1 < j < to} || — 4 A n , which proves (SI). Sup- 
pose H(A n ) = oo i.e. S ~ T. Then, Vj e [l,m],5 ^ - T x^, so that 
min{iJ(i?j) 1 < j < to} = oo. (S2) is proved. 
□ 



Lemma 72 : Tt,T B are Bo-strategies. 



Proof: Let us show that Tg is a So-strategy. 

Let us use the notation of the definition of Tg' + . Let H = {(tt, U, U'), (w + 
k% — 1, V, V')}. Let us show that 

w P- Bo (^ + h-l,U n) U' n ). (102) 
Using rule (R5) we obtain: Vfc G [l,q], 

{(7r,tr,^ , )} = {(T,^,£^-*j)} \\—R5 (t + 2- |t» fc |,F0«),,f/'0<) 
i=i 

Ih-fio (7r + 2-/c o ,C70u fc ,[/'0itfe) 
= (7r + 2-/c ,Z7© Ufe ,<l> fe ). (103) 

Using rule (R'3), 

1 1— ff 3 (0, (p e (^i ©«),..., Pe(^ 9 u)), (Et, . . . , E q )). (104) 



Using (|104[),(|103D and rules (R3),(R7),(R8), we obtain : 

_ <*> q q 

{{n,U, U')} I)-- Bo (tt + 2A; , 53(S fc 0«)'^,^ p e (S fc u) • (U u k )) 

(105) 



fc=i fe=i 
<*> 



= {{«,U,U')} II— (7r + 2fc ,C/;,U')- 
Let us recall that [/„ = U. Hence, by (i?0, Rl, R2) 

{(tt + V, V), (tt + 2fc , C/;, V')} f - c (tt + ki - 1, U n , U' n ). (106) 

By (|105|J106|) , (F02b is proved. Using now jlO^ ) and rule (R0), we obtain: 



« II— B„ + fc l - 1. ^ h- H0(7T + fcl, C/„, I/;). 



(107) 



i.e. T+ fulfills (SI). 

Let us suppose now that Vi € [n — fci, n], £/j ~ [//. Then, by (105), ~ V and 
by hypothesis 7 = U n ~ C^. Hence V ~ V. This shows that fulfills (S2). 
An analogous proof can obviously be written for . □ 



Lemma 73 Let (p, S, S') be a weighted equation , i.e. p S IN, A G IN— {0}, S 1 , S" G 
DRB 1;A «F». 17ifi»{(p,S,S')} Pc {(?> Pe(S'))} and{(p,p e (S),p e (S>))} p c 

Proof: Follows easily from (R1),(R2),(R'3). □ 



Lemma 74 For every O G fi, T® is a Bo-strategy. 

Proof: By lemma |52], point (1), combined with lemma (73|, (SI) is proved. By 
lemma [52|, point (2), combined with lemma |73], (S2) is proved. □ 

Let us define the strategy Sabc by : for every W — A\A^ ■ ■ ■ A n , 

(0) if T cut (W) ± 0, then S ABC {W) = T cut (W) 

(1) elsif T 9 (W) £ 0, then S ABC {W) = T (W) 

(2) elsif T £ (W) ± 0, then S ABC (W) = T £ (W) 

(3) elsif T+(W) U T~{W) ± 0, then S ABC {W) = T+{W) U T B (W) U T C {W) 

(4) else S ABC {W) = T A (W) U T C {W) 

The strategy S AB is obtained from S AB c by removing the occurence of Tc in 
cases (3) (4). 

7.2 Global strategy 

Let us define a global strategy S AB c w.r.t. the strategy S AB q- Let us fix (until 
the end of this article) a total well-ordering C over the set of oracles Q. We need 
now three technical definitions. 

Definition 75 Let P G V/(A), O £ fl and n G INU{oo}. O is said 7f-consistent 
with P iff, for every (it, S, S') G Cong(P), and every n G IN, if 

7r + n — 1 < 7T, 

then, the binary relation TZ n = 0{S, S') n X^ n x X^ n fulfills 

[Tr,S,S',Kn] CCong(P). 

We use the notation: 

17(7f , P) = {O G i7 | O is 7f - consistent with P}. 



Definition 76 Let P be a finite subset of A, and let ir G IN U {oo}. P is said 
7f-consistent iff, there exists some oracle O G f2, which is it-consistent with P. 

For every proof tree t G T(S AB c), we denote by LT(t) the integer: 

]J(t) = min{7r G IN | 3a; G dom(t), x is not closed for S AB c, 35, S", = (tt, S 1 , S")}- 

(108) 

( we admit here that min(0) = oo.) 

Definition 77 Let t be a finite proof-tree for the strategy S AB c, t G T(S AB c)- 
t is said consistent iff, im(i) is 77 (t)- consistent. 



Let us consider some tree t € T(Sabc) which is consistent and not closed. Let 
7f = n(t), let x be the smallest unclosed node of weight ff. Let 

W = Af-A n (109) 

be the word labelling the path from the root to x in t. (One can notice that, as 
x is not closed, T cut (W) U T$(W) U T £ (W) = 0). We define a tree of height one, 
A(t) as follows: 

(0) if 30 G n(7T,im{t)),T^ 0) (W) ^ then 

O = min{0 6 f2(itAm(t)),T^\w) 0}, A(t) = A n (T { ° a] \W)) , 

(1) elsif T+(W) ^0 then 

O = min(/2(7r,im(t))), - ^(Tj^'+CWO), 

(2) elsif T B (VT) ^ then 

Oo = min(/2(7f,im(t))), Z(t) = 4»(tJ,° g) '-(W)), 

(3) else 

O - min(fl(7f,im(i))), = A n (Tf o) (^)). 

( In the above definition by A(W), where A € A, W G A + we mean the tree 
of height one with root labelled by A and whose sequence of leaves is the word 
W). 

S ABC (t)=t[A(t)/x], (110) 

i.e. SABc{t) is obtained from t by substituting A(t) at the leaf x. 

Lemma 78 For every t G T{Sabc)> ift is consistent, then A(t) is defined. 

Proof: By the definition of consistency the oracle Oo is always defined ( i.e. 
J2(7f,imf») ^ 0), and for the word W defined above T e (W) = => VO G 
ft,T\ (W) ^ 0, hence one of cases (0-3) must occur. □ 
If t is not consistent or is closed then we define: 

$ABc(t) = t. (Ill) 



Lemma 79 Sabc * s a global strategy for Sabc- 

Sketch of proof: By lemma [7^ Sabc is defined on every t G T(Sabc)- It 
suffices to check that, in every case, the word constitued by the leaves of A(t) 
belongs to Sabc(W) (where W is the word considered in (109)). □ 



8 Tree analysis 



This section is devoted to the analysis of the proof-trees r produced by the 
strategy Sab defined in section^. The main results are lemma |SS| and 31C whose 



combination asserts that if some branch of r is infinite, then there exists some 
finite prefix on which Tq has a non-empty value. This key technical result will 
ensure termination of the global strategy Sabc ( see section ^|). 

We fix throughout this section a tree r G T(Sab, (ttoj Uq , Uq )) (i.e. r is a 
proof tree associated to the assertion (tt , Uq , Uq)) by the strategy Sab)- We 
suppose that 

\\Uq\\ < D 2, 1 1 £#11 < D 2 , Uq,U+ are both unmarked , (112) 
Uq~,U+ g DRBi,a« V )) with A < A 2 . (113) 

U ee U+ (114) 

We recall that, formally, r is a map dom(r) — > IN x DRB 1A {{ V )) x 
DRB 1;A ({ V )) such that dom(r) C {1, . . . ,\X\ 2 }* is closed under prefix and 
under "left-brother" ( i.e. w ■ (i + 1) G dom(r) => w • z G dom(r)). We denote by 
pr 2 , 3 : IN x DRB 1>A « 7 )) x DRB 1>A (( V }} -» DRB 1>A (( V )) x DRB liA (( V )) 
the projection (tt, £/, U') i— > (C7, [/'). By r s we denote the tree obtained from r 
by forgetting the weights: t s —t opr2 1 3- 



8.1 Depth and weight 

In this paragraph we check that the weight and the depth of a given node are 
closely related. Let us say that the strategy T "occurs at" node x iff, 

t(x) G T(t(x[0]) ■ t(x[1}) ■ ■ ■ t(x[\x\ - 1])), 

i.e. the label of x belongs to the image of the path from e (included) to x 
(excluded) by the strategy T. 

Lemma 81 Let a G {-,+}, Ai, ... ,A n G A such that T§(Ai ■ ■ ■ A n ) ^ 0. 
Then, Vi G [n - h + l 1 n] 1 A i £ T B (A 1 ■ ■■A i ^ 1 ). 

In other words: if Tb occurs at node x of t, it cannot occur at any of its k± above 

immediate ancestors. 

Proof: 

Suppose that 3i G [n — ki + l,n],Ai G Tb{A\ ■ ■ ■ Hence iti — iti-i — 1 < 

^ri-fci + contradicting one of the hypothesis under which Tg(Ai ■ ■ ■ A n ) is not 
empty. □ 

Lemma [Sl| ensures that, in every branch (xi)jgj and for every interval [n+ 1, n + 
4] C 7, at most one integer j is such that Tb occurs at j. 



Lemma 82 : Let r be a proof-tree associated to the strategy Sab ■ Let x, x' G 
dom(r), x z< x' . Then \ W(x') - W{x) \< \x'\ - \x\ < 2 ■ (W(x') - W(x)) + 3. 



(We recall the depth of a node x is just its length \x\). We denote by W(x) the 
weight of x which we define as the first component of t(x) i.e. the weight of the 
equation labelling x). 

Proof: Let x,x' be such that |x'| = \x\ + 1. Then W{x') - W{x) E {-1,+1}, 
hence the inequality | W(x') — W(x) \< \x'\ — \x\ is fulfilled by such nodes. The 
general case follows by induction on (\x'\ — |a;|). 
Let us prove now the other inequality. We distinguish two cases. 
Case 1 : \x'\ — \x\ < 3. 

Then \x'\ — \x\ < 2 • (^(a;') — W{x)) + 3 (because there is at most one Tb step 
in a sequence of length < 3). 
Case 2: \x'\ - \x\ > 4. 

Let x = xq,xi, ■ ■ ■ , x q , x 1 be the sequence of nodes such that \x'\ — \x\ = 4 • q + 
r, < r < 4 and Vi £ [0,q-l], \x i+ i \ - \xt \ = 4. 

By lemma in every set {y £ dom(r) ~< y ^ x i+ i} at most one node z 
is such that Tg occurs at z. Hence — W(a;i) > 2. 

It follows that : 

q-l 

W\-\ x \ =I^[kwl-KI] + k'l-KI 

t=0 
9-1 

<^2(W^(x l+1 -PF(xO) + |x'| 

»=0 

< 2(VF(x g ) - VK(a;)) + 2{W{x') 

< 2(W(x')-W(x))+3. 

□ 

Let us recall the values of some constants (defined in section ^) : 

k = max{(/(«) | v £ V}, h = max{2fc + 1, 3}, D 1 = fc • K + \Q\ + 2, 

k 2 = Di ■ ki ■ K + 2 • k x ■ K + K , k 3 = k 2 + h ■ K , fc 4 = (k 3 + 1) • K + h, 
d Q = Ga,rd(X^), N = l + k 3 + D 2 . 

8.2 £?-stacking sequences 

We establish here that every infinite branch must contain an infinite suffix ( 
a "B-stacking sequence") where at least do labels (U,U') are belonging to the 
same d-space Vo of dimension < do with coordinates not greater than Sd ( over 
some fixed generating family of cardinality < do). 

Let a = (xj)j g / be a path in r, where I — [iq, oo[ and let (xj)i>o the unique 
branch of r containing a. Let us note r(a;,) = , U^). 

We call a a B-stacking sequence iff: there exists some ao € { — , +} such that 

Tg° occurs at x io+kl+ i (115) 



W(x 9 )) + 3 (by the first case ) 



and, for every i £ /, a £ { — , +}, if Tg occurs at Xj+i^+i then 

iit/ni>ii^ Qo ii>^o. (H6) 

From now on and until lemma BIO , we fix a B-stacking sequence a = 
and we denote by So the series Uf a " 



in 



Lemma 83 There exists some word uq £ X* and some sign a' £ { — ,+} such 
that So = Uq° uq. 

Proof: One can prove by induction on i £ IN that, for every a £ { — , +}, Uf 
has one of the two following forms: 

1- Uf = Uf' u for some a' £ {-, +}, \u\ < i, 

2- U? = J2L 1 f3k-(UZ' Quu k ), 

for some deterministic rational vector (3, a' £ { — , +}, \u ■ Uk\ <i, \uk\ < k . □ 

Lemma 84 Suppose that ig < j < i, no Tb occurs in [j + UJ a is D±- 
marked and Uf is unmarked. Then, for every j 1 £ \\Uf,\\ > \\Uf\\ — k%. 



Proof: Let i,j fulfill the hypothesis of the lemma. 
1-Let us treat first the case where j' = j. 



If (i — j) < (Di + l)ki then, by lemma 316 



\\U?\\ < \\Uf\\ + (D 1 + l)'ki'K <k a 
hence the lemma is true. 

Let suppose now that (i — j) > (D\ + l)ki + 1. We can then define the integers 
j < ii < i 2 < i by: 

ii = j + Di ■ kx,i% = i — k% — 1. 



By lemma p!6| we know that: 

WKW < \\U^\\+D 1 -k 1 -K 0& nd \\Uf\\ < \\Uf 2 \\ + (h + l)-K . (117) 

If there was some stacking subderivation of length k\ in UJ a ^ U~ a , as all the 
Uf (for k £ [j,i]) arc unmarked, Tb would occur at some integer in [j + k\ + 
1, i\ + 1], which is untrue. Hence there is no such stacking subderivation, and by 
lemma |336| Uf^ is unmarked. 

If there was some stacking subderivation of length k\ in Uf — * Uf , as all the U^ a 
(for k £ [i\, i]) are unmarked, Tb would occur at some integer in [i\ + k\ + 
which is untrue. Hence there is no such stacking subderivation, and by lemma 

ira<ira+fci-#o. (us) 



Adding inequalities (117,118) we obtain 



\\U?\\ < \\U?\\ + (D 1 -k 1 +2-k 1 + l)-K = \\U?\\ + ha, 



which was to be proved. 

2-Let us suppose now that j < j' < i. 

If (i — j) < (Di + l)ki, the same inequality is true for i — j' and the conclusion 
is true for j' . 

Otherwise, if j' < i\, (117, 118) are still true for f instead of j, hence the 
conclusion too. 

Otherwise, by the arguments of part 1, Uj, a , Up are both unmarked. Hence the 
hypothesis of part 1 are met by instead of (J,i), hence the conclusion is 

met too. (We illustrate our argument on figure ||). □ 




Lemma 85 Let i £ I, a £ {— , +} such that Tg occurs at i + fci + l. Then, there 
exists u E X*, |u| < (j — io), U~ a — So u and, for every prefix w < u, 

\\S Q Qw\\ > ||5 ||-*3. 



Proof: We prove the lemma by induction on i G [io, oo[. 
Basis: i = io- 

Choosing u — e, the lemma is true. 

Induction step: io < i' < i, T§ occurs at i' + k\ + 1, T§ occurs at i + k\ + 1 
and Tb does not occur in \i' + k\ + 2, i + ki]. 

By induction hypothesis, there exists some v! £ X* , \u'\ < (i' — io) fulfilling 

U^ a '=S Ou' (119) 

Vw' ±u',\\S Qw'\\>\\S \\-k 3 . (120) 

Let us define j = i' + k\ + 1. 

Let -0 6 X* be the word such that 

Ur a Ur a (121) 

is the derivation described by the —a component of the path from Xj to Xi. 
Case 1: a' = a. 

Up = [/>"' ui 

for some u\ G X*, = fci and £/j* is Di-marked. Let us choose u = u' ■ u\ • u. 
Hence 



t/.r Q = So u. (122) 



Let us consider some prefix w of u. 
subcase !:?«-< 



By (12C) we know that \\S O w\\ > \\S \\ - h 



subcase 2: w = v! ■ u\ ■ u", for some u" < u. 



By lemma 84 we know that ||5o-u>|| > ||{7?[[— fea, and by definition of a B-stacking 



sequence we also know that ||f7"|| > ||5o||. Hence 

\\S Qw\\ > ||So|| -fc 2 - 
subcase 3: w = v! ■ u[, where u[ is a prefix of U\. 



Then, by lemma 316 and the above inequality we get: 

\\S Qw\\ > WSoQu'mW-ki-Ko > ||5 ||-fca 
Case 2: —a' = a. 



q 

k=l 



where (3 is a polynomial which is fully marked and every \uk\ < ko- 
By lemma 31S either U~ a — J2k=i(@ k © ^) ' © or there exists a decom- 
position 

u = u\ ■ U2 (123) 

and an integer k E [!,<?] such that 



U°t Ou k u 2 . 



(124) 



But, as is unmarked (by definiti on of T^ ), the first formula is impossible 
unless (3 u is unitary or nul. Hence (123, 124) is t he only possibility. 
Let us choose u = u! ■ u k ■ u 2 . It is clear from (124) that U~ a = So Qu. 
Let us consider some prefix w of u. 
subcase 1: w < v! . 

Same arguments as in easel , subcasel. 
subcase 2: w = v! ■ u k ■ u", for some u" < u 2 . 

By lemma |4] applied on the interval [j + \ui \ + 1, i] , we can conclude that 

||So©HI > ||5o||-*3. 

subcase 3: w = v! ■ u' k , where u' k is a prefix of u k - 
Same arguments as in easel , subcase3. □ 

Let us define now the following families of vectors and d-spaces of vectors 



Go = {So u\ u E X*, \u\ < fc 4 }, 
V Q = V(0„). 



(125) 
(126) 



Lemma 86 Let i > io such that Tb occurs at i. Then, Uf,U? E V Q 



Proof: Let us suppose that Tg occurs at i. By lemma |85|, _ 1 — So Qu and, 
for every prefix w ^ u, 

\\S Qw\\>\\S \\-k 5 . 



By lemma |317|, 3ui,u 2 E X*,v x E V*,E X , ...,E k EV,E 1 
DRB g ,A(( V )), such that u — u\ ■ u 2 , 



E 



2 ■ ■ 



E k ,$ E 



So Ul = So • Vi = ^ E k ■ @k 



fc=l 



S Q Qu = ^(£i.0« 2 )-^. 



fc=i 



(127) 



(128) 



Without loss of generality, we can suppose that v\ is a minimal word realizing 
the equality (127). Let us notice that, as G is a reduced grammar, for every 
v -< v\, there exists some v E X* , such that So • v — So v. Hence, for every 
v < Vl, 



So»v= Uo° Quo-v and \\Uo'° u ■ v\\ > \\S ui|| > D 2 = \\U^' a \\. 



By lemma 333, all the vectors Sq»v for v <v\ are loop-free. It follows that, for 
v -< v =>• 1 1 S'o • w|| > 1 1 -So •v'W, 



every v ^ v' ^ v\ 
hence 



M < \\S \\ - ||5 .ui|| < fc 3 



The formula (128) can be rewritten 



^i-fcx-i = "2) • (So • viE k ) = J2(E k ua) • (S*o u k ) 



fe=i 



fc=i 



where u fc G X*Ju fc | < (fc 3 + 1) • if - 

Using lemmas 318 and 314 we can deduce from the above form of U~ a ki _ 1 that 



U? G V({5 o 0u; |w| < (fc 3 +l)-^o+fc }), Uf a G V({5 o 0w | io G X*, \w\ < (fc 3 +l)-X +fci}), 

hence that both Ur a ,Uf belong to Vb- □ 
We recall that: 

Ki =k!-K + l, K 2 = k 2 1 -D 1 -K + k 2 1 -Ko + 2-k 1 -K + D 1 -k 1 + 2-k 1 +i. 



Lemma 87 For every L > there exists i G [io + L, «o + -Ki • L + -K2] sweft i/iat, 
U-,U+£V . 

Proof: Let us establish that 

3i G [to+i>,io+ifi-£+if2 — *i-l],3a G {-,+}, Tg occurs at + (129) 

Let L > and let i' > io be the greatest integer in [io,io + L] such that Tb 
occurs at i' + k\ + 1. Let j = i' + fci + 1. We then have: 



Mfc) 



fc=l 



where ||/3|| < D\ and i/j~ a is unmarked. 

Case 1: there exists i G [7, j + fci • D\], such that Tb occurs at i + ki + 1. 

In this case the small constants i^x = 0, K2 = ki ■ D\ + k\ + 1 would be sufficient 



to satisfy (129). A fortiori the given constants satisfy (129). 

Case 2: there exists no i £ [j,j + k\ ■ Di], such that Tb occurs at i + ki + 1. 

Then, there is no stacking subderivation of length ki in U" — > U" +ki . Di . By 



lemma |336| it follows that both U" +Di . ki are unmarked. 



1-Let ji — j + D\ ■ k\ and let us show that there exists some i > ji such that 
Tb occurs at i + k% + 1. 

If such an t does not exist then, for every a G { — ,+ }, the infinite derivation 



u 



does not contain any stacking sequence of length k\ . By lemma 335 we would 
have: 

Vfc> jx.ra < llt^ll + fex-^o. 
As the set {||C/jf||, k > ji, a G { — , +}} is finite, there would be a repetition 

( U k> U k ) = ( U k" U k>) with h < k < k' and ir k < ir k , 

, so that T cut would have been defined on some finite prefix of the branch, 
contradicting the hypothesis that the branch is infinite. 

2-Let i > i' be the smallest integer (in \j\ , oo [) fulfilling point 1 above and 
suppose that Tg occurs at i + ki + 1. 
By lemma 

VI G \jui],\\Ui a \\ >N Q ~k 2 >D 2 . 



Using lemma ^3| , lemma |333| and inequality ( 112 ) we conclude that 

W G U^ a is loop-free . 

By an argument analogous to that used in lemma |8^ we see that UJ" — SqQu 
for some |u| < (ji — ig), and by lemma 316 we get 



||C^ a || < (h-io)-K +\\S \\. 



We also know that: 



ISbll < MC^T 



< || cci ll+^o. 



(130) 



(131) 



As the derivation U^ a — > U i _ a 1 contains no sta cking sub-derivation of length 
fci and consists of loop-free series only, by lemma [334| we obtain: 

\\Ur_\\\<\\Ur<*\\-{i- h -2)/k 1 . (132) 

Combining the three inequalities ( 13C , 131 , 132| ) we get successively: 

||5 || < HSoll + {h -io + l)-K -(i- ji - 2)/k u 

(i-h-2)<(ji-i + l)-k 1 K . 

(% - %') = (* - h - 2) + (ji - i' + 2) < (ji - t + 1) • h ■ K + Di ■ h + k x + 3 

= (*' - i ) ■ fci • K + k\ ■ D 1 ■ K + k\ ■ K + 2 • fc x • K + D 1 ■ h + ki + 3 
= (K 1 -l)(i' -i )+K 2 -kx-l. (133) 



3- By the choice of i', i, we know that i' < ia + L < i. Using (133) we obtain: 

i<i' + (Kx- 1)(*' - *o) +K 2 - ki - 1 

i < i + Ki ■ L + K 2 - h - 1. 
Assertion (|129|) is now established for case 2 as well as for case 1. 



From ( |129D and lemma |86| the lemma follows. 
(We illustrate our argument on figure |J) . □ 

Let us give now a stronger version of lemma ^ where we analyze the size of the 
coefficients of the linear combinations whose existence is proved in lemma p7| . 
We recall that: 

K 3 =K \Q\, K A = D l . 
Let us fix a total ordering on Q : 

Go = {Oi,02, • ■ ■ , &d}, where d = Card(£ )- 
Let us remark that d < Card(Jf- fc4 ) = do- 

Lemma 88 Let L > 0. There exists i £ [io + L, io + K\ ■ L + K2] and, for every 
a G {— , +}, there exists a deterministic rational family (/3fj)i<j<d fulfilling 

(1) u? = Y.UxP?j-0j 

(2) \\P?J<K 3 -(i-i ) + K 4 . 

Proof: By lemma ^7| there exists i G [io + L, i + K\ ■ L + K 2 ] and a G {— , +} 
such that Tg occurs at i. Let us use the notation of the proof of lemma g6| 
and compute upper-bounds on the coefficients of U~ a , U" expressed as linear 
combinations of the vectors of Go- 
Coefficients of U^ a : 

Uf a = Urf*^^ u', for some u' G X*, \u'\ = k x . By lemma Uf a can be 
expressed in one of the two following forms: 

Ur a = S {u k u") where u" is a suffix of u', (134) 
9 

U~ a = J2(Ek u 2 v!) ■ (So u k ). (135) 

k=l 



In case ( |134 ) we can choose as vector of coordinates : /3^" — e^ Q . We then have 
H/M = 2 < Ki. 

In case (135), we can choose: = E it2«' (completed with in all the 

columns j not corresponding to some vector Sq of Go)- We then have: 

||A>|| = \\E W|| < K ■ (i - i ) <K 3 -(i- i ). 

Coefficients of Uf: 

By definition of Tg 

r 

u?=Y, r f( u ^-i & ^> ( 136 ) 

e=i 

where ||r|| < D\, \wi\ < k . 

Replacing v! by wi in the above analysis, we get: 

d 

w g Mu^-i 0^ = E ■ ^ ( 13? ) 

3=1 



with ||t«,*|| <K -(i- i ). 
Equalities (136,137) show that: 



K = r ■ 7 ' 



where t,7, 6 are deterministic rational matrices of dimensions respectively (1, r), (r, d), (d, 1). 
Let us choose = (r • 7). 

< IM| + ||7ll < -Di + r • Jfb • (i - to) 
< Di + \Q\ ■K -(i- i„) =K 3 -(i- to) + X 4 . 

□ 



Lemma 89 There exists io < «i < K2 < • ■ • < <™rf deterministic rational 
vectors ((3f j)i<j<d ( f or every i 6 smc/i i/iai 

(o; pv(ki) > 1 

(1) Vi,Va,UZ =E J ti/3^eF 
(2; Vz,Va, || < Sl 
fs;Vi,W(/s i+1 )-W(K i ) ><5 m 

where the sequences £{, Li, S{, Si,<Ti) are those defined by relations (|97], ^) 
in section [| 

Proof: Let us consider the additional property 
(4) m — io < Li. 

We prove by induction on i the conjunction (1) A (2) A (3) A (4). 
i=l: 

By lemma |8^, there exists n\ G [io, io + K2] such that Va G { — , +}, 3 a deter- 
ministic vector (fti j)i<j<d, such that 

d 

i=i 

and in addition ||/3f t || < K 3 K 2 + K 4 = sx. 
i -> i+1: 

Suppose that m < n 2 < . . . < Kj are fulfilling (1) A (2) A (3) A (4). By lemma p8| , 
there exists m+i G [io+Li+£i + i,io+Ki(Li+£i + i)+K2] such that Va G { — ,+}, 3 
a deterministic vector ((3f +1 j)\<j<di such that 

d 

^ +1 =EW (138) 
3=1 

and in addition 

||/3f+i,*ll < K 3 {Ki{Li + £ i+ i) + K 2 ) +K 4 = K 3 L i+1 + K A 

= s l+1 (139) 



By lemma g2| 

2{W{k 1+1 ) - W{Ki)) + 3 > n l+l - m > ti+i = 26 i+1 + 3 

hence 

W(K i+1 )-W(Ki) >6 i+1 . (140) 

At last 

- to < K x (Li + + K 2 = L l+1 . (141) 

The above properties (|I^|l39Hl4^|l4ll) prove the required conjunction 

It remains to prove point (0): the integer ki introduced by lemma 88 is such 

that Tb occurs at ki, hence 



W(kx) = W{n x - kx - 1) + k x - 1 
> W(ki -fa - 1) +2 > 1. 



□ 



Lemma 810 Let (xi)i e j^ be an infinite branch of t. Then there exists some 
io G IN such that {xi)i>i a is a B-stacking sequence. 

Proof: Let us distinguish, a priori, several cases , and see that only the case 
where r admits a B-stacking sequence is possible. 
Case V.Tb occurs finitely often on r. 

Let j be the largest integer such that Tb occurs at j. By the arguments used 
in the proof of lemma 129, Case 2, we know that UJ +ki . Dil U^ +ki . Di are both 
unmarked, and that 

Vfc > j + h ■ D^a e {-, +}, ||£/ fe a || < \\U? +kl . Dl K Q . 

This would imply that the branch contains a finite prefix on which T cut is defined, 
which is impossible on an infinite branch. 

Case 2:For some sign a, there are infinitely many integers i such that [Tg occurs 
at i + kx + 1 and \\Uf a \\ < N ]. 

In this case there would exist an infinite sequence of integers i\ < 12 < ■ ■ ■ < it < 
such that 

\/£>0,Ur a = U- a . 

For a given U~ a , only a finite number of values are possible for the pair (U~^ ki+1 , U^ +ki+1 ). 
Hence there exist integers £ < £' such that 

£ < £',%t < nt> and (U e+kl+1 ,U+ +ki+1 ) = (t^7 +fcl+1 , U+ +ki+1 ). 

Here again T cut would have a non-empty value on some prefix of r, which is 
impossible. 

Case 3:Tb occurs infinitely often on r and, for every sign a, there are only 
finitely many integers i such that [Tg occurs at i + ki + 1 and ||t/~ Q || < Nq\. 



Let us consider the set Io of the integers i such that , there exists a sign on such 
that 

[T£ occurs at i + ki + 1 and \\Ur ai \\ > No]. 
By the hypothesis of case 3, io ^ 0. Let io such that 

||C/; a -||=min{||C/r«-|||ze/ }. 
Then (xi)i>i is a B-stacking sequence. □ 



ii ur\ 



N -k 2 



Do 




Jl 



h + 1 Dx-ki 



i i + k\ + 1 




fci + 1 



Fig. 4. Two successive Tg. 



9 Termination 



Lemma 91 ; Sabc *s terminating on every unmarked assertion Aq: if Aq € A 



is unmarked, then, 3hq G IN, (S^g^ (Aq) = iS^*g C (Ao). 



Proof: Suppose Aq G A, Ao is true, Ao is unmarked and 

Vn G IN,^ BC (Ao) -< ^(Ao). (142) 

Let us consider all the constants associated to this precise Aq, the equivalence $ 
and the dpda M in section |[ Let us note : t n = S\ bc (Aq) ( for every n G IN) 
and let 

too = l.u.b.{t n | n G IN}. 



Let us notice that, by definition (111), the strict inequality (142) implies that 

Vri G IN, t n is consistent. (143) 

Let us denote by x n the node of t n such that t n+ \ = t n [A(t n )/x n ]. Let us notice 
that , as every x n is unclosed in t n , one can prove by induction that every t n is 
repetition-free. Hence 

too is repetition-free. (144) 

By Koenig's lemma, too contains an infinite branch j/o2/i ' • ' Us • • • whose (infinite) 
labelling word is AqAi ■ ■ ■ A s ■ ■ ■ ( where A s = too(y s ))- 

Condition (C3) in the definition of T c °\ combined with lemma 32C, shows that 
every equation T, U) produced by Tc has size 

max{||T|| ) ||C/||}< J D 2 , (145) 

hence that the number of possible unweighted equations produced by Tc is finite. 
Hence Tc occurs only a finite number of times on this branch ( because too is 
repetition- free (144) and T cut cannot occur on an infinite branch). Let uq be 
the last point where Tc occurs ( or uq = if Tc never occurs on this branch). 
(y no +i)i>o is a branch of a tree t' G T(Sab , A riQ ) . Let us notice also that 

every equation produced by Tc is unmarked, (146) 

( by condition (C4) in the definition of T c °\ see section 0), and 

every equation produced by Tc has a length A < A 2 , (147) 

because it has a length < do and do < A2 by definition ( |100[ ) in section ^. More- 
over, the root Aq of too is supposed to have a size < D2 (by definition (|99|), in 
section ^|), to be unmarked ( by t he hypothesis of the lemma), and to have a 
length Ao < A2 ( by definition (100) in secti on |6[ ). Hence, in either case, t' fulfills 
the hypotheses ( |112| )( 113 ) stated in section 3.4 and assumed in section |[ 
As S abc is a strategy for Bo and Aq is true, A riQ is also true, hence hypothesis 
(114) assumed in section g is fulfilled. We may apply now the results obtained 



in § |3.2 . 

By lemma 810, the branch (y no +i)i>o must contain an infinite B-stacking se- 
quence. Let us remark that, as does not occur (otherwise the branch would 
be finite) every equation (tt, U~,U + ) labelling this branch is such that U~ ^ 
0, U + 0. By lemma ^9| such a B-stacking sequence contains a subsequence 
(A K1 , A K2 , ■ • ■ , A Kd ) with d < d , fulfilling hypotheses (1,2) of lemma |)4|, and by 
the above remark it fulfills hypothesis (J7^) of section || too. Let £ IN such 
that x ni = y Ki , for 1 < i < d. By (142), f2(IT{t nd ), im(t nd )) ^ 0. Let us consider 
some 

O e f2{n(t nd ),im(t nd )). 
Let S d = (A rei )i<i< d and D = D^°\S d ). By lemma pi 



INV (0) (5 d ) ^ ±,D G [0,d-l] and ||| INV (0) (S rf ) |||< E do 



Sd - 



(148) 



Let Sd+i = (^4 Ki )i<i<D+i- By hypothesis (2) of lemma ^4| (we established that 
this hypothesis is true), 

n(t nD+1 ) < n(t nd ), 

and it is straightforward that 



hence, 

Let W D+ i = A ■ At 
notice that 



im(t„ D+1 ) C im(i„ d ), 

O e Q(n(t nD+1 ),im(t no+1 )). 



(149) 



4 Kl ■ • ■ A KD+1 ( the word from the root to y KD+1 ). Let us 

d^Sb+i) = nW(s d ) = D,mv(°\s D+1 ) = iNV^(s d ). (150) 



By (148 ),p 



p e (INV( 0) (<W)) G T^°\W D+1 ). 



(151) 



By (|||)Q, the set {O G Q{n{t nD+1 ),\n,{t nD+1 )),T [ °\w D+1 ) ± 0} is not 
empty, so that case (0) of the definition of A(t) ( see section 0) is fulfilled and 

A(t no+1 ) = A nD+1 (T^\w D+1 )), 

i.e. Tq occurs at y KD+1 +\. This is a contradiction with the minimality of no- We 
have proved that hypothesis (142) is impossible. Hence the lemma is proved. □ 



10 Elimination 



10.1 System B ± 

We prove here that the new formal system B\ obtained by elimination of meta- 
rule (R5) in Bq is recursively enumerable and complete. The decidability of the 
bisimulation problem follows. 

Let B\ = < A,H,\ — > where A, H, are the same as in Bq , but the elementary 
deduction relation \ | — & 1 is the relation generated by the subset of metarules 
RO, Rl, R2, R3, R% RA, R6, R7, R8, i.e. all the metarules of B except R5. The 
deduction relation | — b 1 is now defined by: 

<*> [i] <*> 

I Bi = I I Bi ° I I R0,R3M<3,R4° II Bi ■ 

Lemma 101 : B\ is a deduction system. 

Sketch of proof: As | — Bl C | — Bo , property (Al) is fulfilled by | — Bl . 
By the well-known decidability properties for finite-automata, rules RO, Rl, R2, R3, 
R'3, RA, R6, Rl, R8 are recursively enumerable. Hence property (A2) is fulfilled 
by Sr. □ 



Completeness 

Definition 102 Let P be a finite subset of A and let ff £ IN. P is said locally 
7f-consistent iff, for every (it, S, S') £ P, if 

7T < ff, 

then, there exists IZi € B\ such that 

[Tr.S.S'.fti] CCong(P). 

Lemma 103 Let P be a finite subset of A and let ff G IN. If P is locally in- 
consistent, then P is ff- consistent. 

Proof: Let us consider, for every integers n > 0,p > 0, the following property 
Q(n,p): Vtt e IN, A £ IN - {0}, S, S' e DRBi, A (( V )), 

(tt, S, S') G Cong p (P) and7r + n- l<ff^ 
3K n £ B n (S, S'), [tt, S, S', Tl n ] Q Cong(P). (152) 

Let us prove by induction on (n,p) that 



V(n,p) e IN x IN, Q(n,p). 



(153) 



n = 0,p = 0: 

The only possible value of TZq G Bo(S,S') is IZo = {(e, e)}, and [n, S, S' ,1Zq] = 
{(7r,5,5')}CCong (F). 
y > 0: 

There exists a subset Q C Vf(A), such that 

<P-l> <i> 
P |1 — c Q and Q || — c {(7r,5,5')}- 

As every rule of £>o increases the weight, we can suppose that every assertion of 
Q has a weight < tt. Hence, by induction hypothesis, 

V(n',T,T') e Q,3TZ n G B n (T, T'), [tt', T, T', 1Z n ] C Cong(P). (154) 

<i> 

Let us consider the type of rule used in the last step, Q | — c {(tt, S, S')}, of 
the above deduction. 

R0: (tt - 1, S, S') GQ. 

By pi), 3K n eB n (S, S% 

{n-l,S,S',K n } C Cong(P). 

<i> 

As [tt - 1, S, S', K n ] 1 1— c [tt, S, S', K n ], 

[7T,S,S',Tl n } C Cong(F). 

R1:(tt,S",5) G Q. 

(analogous to the above case) 
R2:( 7 r,S 1 T),(7r,T,5') G Q. 

By (pi), 3ft„ G 6„(S,T)X G Bn(T,S'), 

[tt, S, T, K n ] C Cong(P), [tt, T, 5', <] C Cong(P). 
Using the properties mentionned in section we get that: 

[TT,s,s',n n on' n ] ccong(p). 

R3: 

In this case, TZ n = Id n X^" x X-™ G S"), and 

[tt, £, S', K n ] C {(tt, S", S")}U{(7r+fc, T, T), 1 < k < n, T G DRB l!A « V ))} C Cong 
R'3: 

In this case, 7?.„ = Id n X^" x X- n G S"), and 

[tt, S, S', K n ] = {{tt + k, S u, p e (S) u) | < k < n, u G X fc } C Cong(P), 
(because p e (S) Qu = p e (S u)). 



R6:(tt, #1 • S' + U, S') 6 Q, 5 = 5 X • U. 
By pi, 3K n e B n (5i • 5' + C7, 5'), 



[tt, Si- S' + U, 5", C Cong(P). 



Using the properties mentionned in section , we get that: 

[tt, 5, 5',^< 5l '*>] = [tt, SI ■ U, 5,ft< 5l <*>] 

C Cong[7r,5i -S' + U,S',K n ] 
C Cong(Q) C Cong(P). 

R7:(tt, S u S[) eQ,S = S 1 -T,S' = S[-T. 
By @, 3ft n e6 n (5i,51), 

[tt,^,^,^] CCong(P). 

Using the properties mentionned in section we get that: 

[tt, 5, S', < S^TZn >} = [tt, Si -T,S[-T,< 5i|^„ >] 
C Cong{[ir, S l ,S[,ll n \) 
C Cong(g) C Cong(P). 

R8:Vi ejlj], (tt, T it *,T!«) 6 Q,S = Si ■ T, S' = S t ■ T> . 
By (Hi), 3TZ hn , . . .,'116,-n 6 B n (T^,Tp, such that 

[TT,Ti ; *,T^,Ki tn \ C Cong(P). 

Using the properties mentionned in section we get that: 

[tt, 5, 5', < 5 ft* >n >] = [tt, Si ■ T, 5i • T', < 5, 72.*,„ >] 
CCong( |J [TT,T ir *,Tl*,Ki, n ]) 

l<i<8 

C Cong(Q) C Cong(P). 

In all cases Q(n,p) has been established. 
n > 0,p = 0: (tt, 5 5') 6 P. 

As P is locally 7f-consistent and 7r < ir+n— 1 < 7f , there exist 7?.i 6 Si (5, 5'), g 6 
IN such that: 

[7r,S,5',fti] CCong g (P). (155) 

As (n— l,^) < (n, 0), by induction hypothesis,V(x, x') 6 T^iflAx A, 37<!. : i : ^/^„_i e 
S„_i(5 Qx,S' G x') such that 



[tt + 1, 5 a, 5' x', n x y, n ^] C Cong(P). 



(156) 



Let us consider 7^„ = {(e, e)} U^^g^ nXxX {(z, a;')} -Ttx,x',n-i- One can check 
that TZ n 6 B„(5, 5') and , by (p5[ |l56|) we obtain: 



[tt, 5, 5', Tin] = {(tt, 5 5')} (J [S x, S' x', T^,,^] C Cong(P). 

(i.i'jeKinXxx 



Let us define now an oracle O G f2 which is 7r-consistent with P. For every 
(S,S') G 1J A>1 DRBi,a(( V )) occuring in Cong(P) (i.e. as the projection on 
1J A>1 DRBi :A {( V }} x DRB M (( V }} of an assertion in Cong(P)), let us note 

W(S, S') = min({7r e IN | (tt, S, S') G Cong(P)}). 

D(S, S") = max{7f - W(S, S'), 0}. 
C(S,S') = mm{KeB D(s , s , ) (S,S') \ [W(S, S'), S, S',H] C Cong(P)}. 



Notice that C(S, S') is well-defined, owing to property (153). We then define O 
by: for every (S,S') occuring in Cong(P), 

0{S, S') = mm{K e Boo(S, S') \ C(S, S') = 11 n {X^ S ' S '^ x X^ 5 ' S '>)}, 

(157) 

and for every (S, S') not occuring in Cong(P), 

0(S, S') = mm{Tl G Boo(S, S')}( if S ~ S"), (^(S 1 , S") = Id*. ( if 5 ^ 5'). 

(158) 

One can check that, by the choice of C(S, S'), O is 7r-consistent with P. □ 



Lemma 104 Let Aq G A such that H(Aq) — oo. Let us consider the sequence 
of trees t n = S\ bc {Aq) . For every integer n > 0, t n is consistent. 

Let us say that the strategy T "applies on" node x iff, x has exactly m sons 
x ■ 1, x ■ 2, . . . , x ■ m and 

t(x1) ■ t(x ■ 2) • ■ ■ t(x ■ m) G T(t(x[0}) ■ t(x[1}) ■ ■ ■ t(x[|x|])), 

i.e. the word consisting of the labels of the sons of x belongs to the image of the 
path from e (included) to x (included) by the strategy T. 
Proof: For every k G IN we define 

7r k = n(t k ). 

We prove by induction on (n, tt) the following property TZ(n, tt): 

\/x G dom(i n ), if t n (x) — (tt,S,S') with tt < jt n , then (159) 
3fci eBi{S,S'),[ir,S,S',1li] C Cong(im(f„)). (160) 

At every step of our proof by induction, we consider some node x of t n fulfilling 
hypothesis ( |l59[ ) and we show that it must fulfill ( |l60| ). Let us notice that , if x 
is not closed, then hypothesis (159) cannot be true, by minimality of Tf n . Let us 
notice also that, if x is closed , but there is some x' -< x such that t n (x') = t n (x), 
then (160) on x is the same property as ( |160D for x' . Hence , in the sequel, we 
can suppose that x is closed and that it is minimal (w.r.t. to ^): 

x = mm^{y G dom(t„) | t n (y) = t n (x)}. (161) 



hence there is no node x fulfilling hypothesis (159). Otherwise, 7To = oo and 
x = e is closed: either T^(Aq) = {e} or T e (A ) = {e}. Let us choose 

K^Idx.nl-'xI^ 1 . (162) 



If we note Aq = (tt, S q , Sq), then 

[tt, Sq, S+,11!] = {(it, S ~, 5 +)} U {(tt + 1, 5 ~ Qx,S+Qx)\xG X}, 

where , Vx £ X, Sq x = Sq x = 0. Using rule R'3, we see that 

[tt, S, S', Tli] C Cong(0) C Cong(im(i„)). (163) 

n > 0, 7r = 0: Let x be some node of t n such that BS 1 , S", t n (x) — (tt, S, S') and 
7T < 7f„. Let us denote by W x the word labelling the path from the root of t n ( 
included) to x ( included ). 

case 1: 3x' G dom(£„),a;' internal node , such that t n [x') = t n (x). 

As tt = 0, the sons a;' • 1, x' ■ 2, . . . , x' ■ m of x' are such that t n (x' ■ 1) • t n (x' ■ 

2) • • - t n (x' ■ m) G T^^W^/), for some oracle C Let us choose 



Then 



[7r, 5, S', TZi] C im(<„). 



(164) 
(165) 



case 2: T (W^) = {e} or T e (W x ) = {e}. 

In this case the choice IZi = Idx* fll- 1 xl- 1 satisfies again (163). 
tt > 0: 

Let x fulfilling hypothesis (159). As t n is a proof-tree for Sabc, and as we 
suppose x is closed and minimal (161), one of the following cases must occur, 
case 1: T cu t applies on x. 
There exists x' £ dom(i„), 3tt' s IN, such that 

t n ( x ') = (tt',5,5') and tt' < tt. 

By induction hypothesis 

G B X (S, S'), [tt', S, S', n{\ C Cong(im(i„)), 
and by means of rule R0: 

[TT,S,S',nx] C C0Ilg([TT', SiS'iKl]). 



Hence (|16Cj) is true. 

case 2: Tg ot T e applies on x. 

Here again, the choice (162) fufills property (163). 

In the remaining cases we use the following notation: for every k £ IN such that 
tk is not closed, 

Xk = min{a; G dom(ife), x is not closed for Sabc an d 35, 5', i(x) = (tt/., 5, 5')}. 



If 3k < n | tk is not consistent or is closed, then by (111), tk = tk+i = ■ ■ ■ = t n , 
hence lZ(n, tt) <^> TZ(k, tt), and this last property is true by induction hypothesis. 
Let us suppose now that Vfc < n, tk is consistent and unclosed. According to 
formula (11C), 

ife+i = tk[ek+i/xk], 
for some tree of depth one, ek+i- 

Let k £ [0, rt — 1], a; = Xfc, 7r = 7ffc (such a k must exist because x is internal). Let 
x ■ 1, . . . , x ■ fj, be the sequence of sons of x. 
case 3: Ta applies on x. 

Hence there exists some oracle O such that T A °^ applies on x. The choice (1G4) 
fufills property (165). 

case 4: Tg applies on x ( for some a £ {— , +}). 

Let us suppose a = +. Let x' = x(\x\ — k\) ( the prefix of x having length 
\x\ — fci), t n (x') = (tt' , U, U'). By definition of Sabc, there exists some oracle O 
which is 7ffc-consistent with im(tk) and such that: 



/i = 1 and t n (x ■ 1) 



T ( B 0) ' + (W X ) 



Let us look at the proof of lemma |7^ in the particular case of this oracle O: as 
the pairs (u e ,u' e ) belong to 0(U,U') (for every I £ [1, ?]) and tt' + \u e \ — 1 < 
tt' + k < tt 1 + 2 • k < TT k , deduction ( |103| ) can be obtained just by using rules 
in C. As deduction (103) is the only one ( in the proof of lemma [72|) using rules 
in Bo — C we conclude that deduction (|102|) can be replaced by: 



{t n (x'),t n (x-l)}\Jim(t k ) II— e T^x(t n (x)). 



(166) 



(We recall r_i consists in replacing the weight of a given weighted equation into 
its predecessor). Deduction (|166|) implies that 



(167) 



3p £ IN, (tt - 1, 5, S') £ Cong p (im(i n )). 



By induction hypothesis, as 7r — 1 < 7r„, im(i„) is locally n — 1-consistent, hence, 
by lemma 103, im(£„) is 7r — 1-consistent. Hypothesis (167) implies that 

3Tli £ Bx(S, S'), [tt - 1, S, S', TZi] C Cong(im(i n )), 

hence, using R0, that 

311! £ Bx(S, S'), [tt, S, S', Tlx] C Cong(im(t n )). 

case 5: Tc applies on x. 

By definition of Sabc-, there exists some oracle O which is 7ffc-consistent with 
im(tfc) and such that: 

/x = land t„(x-l) =T^°\W X ). 



Let W x = Ai ■ ■ ■ A t ■ ■ ■ A\ x \ + i, «i <••■<«* < < ■■■ k d +i = \x\ + 1, 

S = (£i)i<i<D+i, where , for every 1 < i < d, 

d d 
Si = A Ki = (7Ti,2jai,j5j , 2J 
3=1 3=1 



and 



r£ 0) (wy = p e (iNv (0) (5)),w (0) (5) # -l,d<°>(s) = d < d- 1. 



Let us look at the proof of lemma |5^ in the particular case of this oracle O: 
the only place where a rule in Bo — C is used, is in deduction (|78|), when case 2, 
subcasel (or case 2, subcase 2), of the recursive definition of INV' ^^) occurs 
. Let us recall that the pair (u, u') chosen by the oracle O is such that: 

d d 
3=1 3 = 1 

!/ = Div(ai,*,/3i,*), n v = nr\X^ v xx^ v , {u,u')&n v . 

Let us notice that 7Ti + !/-l<7r 1 +2-^<7r 2 < W (0) (S) + 1 = tt = n k . As O 
is 7ffe-consistent with im(t/-), we conclude that 

d d d d 

3=1 3=1 3=1 3=1 

C Cong(im(i fe )). 



Hence deduction (|78|) can be replaced by 

E\ G Cong(imOfc)). (168) 

Similarly for every i G [2, £>], as tt, + 2 • Div(a l ( ^ 1) , /3^ _1) ) < tt 1+1 < W^(S) + 
1 = 7T =7ffc, and £^ -1 ' G Cong(im(ife)), 

(ff- 1} )' 6 Cong(im(i fe )). (169) 
It follows that deduction ([77]) can be replaced by 

{INV (0) (<S)}Uim(t fe ) IJ— cr-i^Ca:)). (170) 



using the facts that p e (INV (0) (5)) || — c INV (0) (5) and im(tfc) C im(t n ) we 
may conclude that: 

{t n (z • 1)} U im(i n ) \\— c T-i(t n (.x)) = fr-l,S,S'). (171) 



From (171) and the induction hypothesis, we can conclude, as in case 4, that 

ifti G Bi(S, S'), [tt, S, S', TZi] C Cong(im(t„)). 
(End of the induction). 

By the above induction, for every n G IN, im(t„) is 7f„-consistent i.e. t n is 
consistent. □ 

Lemma 105 Sabc * s closed. 



Proof: Let A$ G A By lemma 104, Vn G IN, S^ bc (Aq) is consistent. 



If S^ BC (Ao) is consistent and is not closed, then , by definition (11C) 



if S\ bc (Aq) is consistent and is closed, then , by definition (111), 

Sabc(Aq) = S^ C (A ). 

Hence the equivalence ( f73| ) , which defines the notion of closed global strategy, is 
fulfilled by Sabc- a 

Theorem 106 ; Bo,Bi are complete formal systems. 

Proof: By lemma p]\ Sabc is terminating on every unmarked assertion and by 



lemma 105 Sabc is closed. Let A be some unmarked true assertion. According 
to the proof of lemma [410| , 3no G IN such that t^ = 5"°(Ao) is a proof-tree 
which is closed, hence such that JT(too) = oo. By lemma [lOq, t^ is consistent, 



i.e. im(too) is oo-consistent: V(7r, S, S") G im^oo), 

3^! G Bi(S,S'), [7r,S,S',-£i] C Cong^m^)), 

hence, 

im^oo) | h- c [n, 5, 5', Tli] (— mi*, S, S'). (172) 



As the rules of C and RA are rules of £>i, deduction (172) shows that 



im(t 00 )h-B 1 (7r,5,5'). (173) 

i.e. im(too) is a £>i-proof. 

In the general case where Aq = (ttq, Uq , Uq) might be marked, we observe that, 
owing to rules (R1)(R2)(R'3): 

{ Pe (Ao)} \£-ciM- 
This deduction combined with some £>i-proof of p e (Ao) gives a £>i-proof of Aq. □ 



Theorem 107 The bisimulation problem for rooted equational 1-graphs of finite 
out-degree is decidable. 



Proof: Let us consider the sequence of statements: lemma \2T\, lemma p28L corol- 



lary |26| and lemma 328. By means of the above statements, the bisimulation 
problem for rooted equational 1-graphs of finite out-degree reduces to the fol- 
lowing decision problem ( we call it the bisimulation problem for deterministic 
vectors) : 

INSTANCE: a bi-rooted, normalized dpda Ai, its terminal alphabet X, a sur- 
jective litteral morphism ip : X* — ► Y* (we denote its kernel by ip), and 
A e IN — {0},S, S' G DRBx,a« V )) (where V is the structured alphabet 
associated with Ad). 

QUESTION: S ~ S"? (where ~ is the ^-bisimulation relation). 

Let us consider Ad,X, V, ip given by some instance. 

The equivalence relation ~ on DRBia(( V )) has a recursively enumerable com- 



plement (this is well-known). By theorem 106 and lemma [42|, relation ~ is re- 
cursively enumerable too. Hence ~ is recursive. 

But the function associating to every A4,X, V,ip the corresponding deduction 
sytem B\ is recursive. Hence the bisimulation problem for deterministic vectors 
is decidable. □ 



10.2 System B 2 

We exhibit here a deduction system B2 which is simpler than B\ and is still 
complete. 

Elementary rules Let us eliminate the weights in the rules of B\ : we define a 
new set of assertions, A2 by 

A 2 = |J DRB 1)A « V }} x DRB liA « V )). 

A£lN-{0} 

We define a binary relation || — C Vf^A-i) x A2, the elementary deduction 
relation, as the set of all the pairs having one of the following forms: 

(R21) 

{(S,T)}|h- (T,S) 

for A G IN — {0},S,T e DRBi. A (( V )), 
(R22) 

{(S,S'),(S',S")}\\- (S,S") 

for A G IN - {0},S,Te DRB 1 . A (( V )), 
(R23) 

1 1 — (S,S) 

for S G DRBi iA (( V )), 



(R'23) 

II — (S, Pe (S)) 

for 5 £ DRBi.a(( V )), 
(R24) 

{(5 x, T x') | (a;, a/) £ fti} 1 1— (5, T) 

for A 6 IN — {0}, 5, T e DRBi. A (( V )), {S ^ e AT ^ e) and Tl x £ ft, 
(R25) 

{(5i-T + S,T)}||— (5* ■ 5, T) 

for A e IN - {0}, 5i G DRB 1 . 1 (( y »,Sr 1 ^ e, (5i, 5) £ DRB 1 . A+1 (( V }}, T G 
DRB 1)A « V», 
(R26) 

{(5,5')} 1 1— (S-T,S'-T) 

for 5, A G IN - {0}, 5, 5' G DRB M (( V »,T G DRB 5 , A « V )), 
(R27) 

{(!},., I?„) | 1 < i < 5} || — (S -T,S -T') 
for (5, A 6 IN — {0}, 5 G DRB M (( V »,T,T' G DRB 4 , A « V }}, 
We define | — e2 by : for every P e Vf(A 2 ), A e A 2 , 

<*> [1] <*> 

P^-A^P \\- °lh- 23,24° II— M>- 

where 1 1 — 23,24 is the relation defined by R23, R'23, i?24 only. 
We define a simpler cost function H2 : A2 — » IN U {00} by : 

V(5, 5') G -4 2 , i? 2 (5, 5') = Div(5, S'). 

We let 

ft =<^ 2 ,ff 2 , h-B 2 >• 



Lemma 108 : ft *s a deduction system. 
Completeness 

Let us denote by C2 the subset of rules of B2 obtained by removing the weights 
in the rules of C. 

Definition 109 Let P G Vf{A2)- P is said to be self-generating iff, for every 

(5,5') eP, 

1. either S = S l = e 

& or3ft x eft. (5,5'), V(rs, a:') Gfti,P |f— c (5 cc, 5' &')■ 



(See in remark 



1012 below, the origins of this notion). 



Lemma 1010 Let A G A2 such that A is unmarked. Then H(A) = 00 iff there 
exists a finite self- generating set P C A2 such that A E P. 

Proof: Owing to metarules R23, i?24 it is clear that every self-generating set 
P E Vf(A2) is a ,62-proof. Hence , if A belongs to some self-generating set, then 
H(A) = 00. 

Let us suppose now that H^iA) = 00. Let us consider the closed proof-tree t M 
obtained by applying the glob al st rategy Sabc on the assertion (0, ^4). By lemma 
too is finite and by lemma |i-05| , t^ is consistent, which means that im^oo) is 
oo-consistent. Let 

P = ^2,3(im(ioo)), 

(where pr 2 ,3 : A — * A2 is the map erasing the weights). 

As im(too) is cxD-consistent, P is self-generating and A G P. □ 



Theorem 1011 : B2 is a complete deduction system. 

Proof: We already noticed that every self-generating set is a £>2-proof. Hence 
lemma 1010 proves that every true, unmarked assertion possesses some finite 
£>2-proof. 

Let A be any true assertion. p e (A) hasafinite proofP. Owing to rules (R1)(R2)(R'3), 
Q = P U {A} is a S 2 -proof of A. □ 



10.3 System B 3 

We exhibit here a deduction system B3 which is even simpler than B2 and is still 
complete. Let us consider B3 =< A3, H3, \ — g 3 >, where 

A 3 = |J DRB liA (( V )) x DRB l!A « V }}. 

AelN-{0} 

, H3 = H2\As and | — g 3 is defined below: the metarules of B3 are essentially 
those of B2, but restricted to the unmarked vectors. 

(R31) 

{(5,T)}|h- (T,S) 

for AGIN- {0},S,TGDRB 1)A « V }}, 
(R32) 

{(5, 5'), (5", 5")} II— (S,S") 

for AG]N-{0} ) 5 ) TGDRB 1 , A ((Fo )), 
(R33) 

0||— (5,5) 

for S G DRB U « V )), 



e 



(R34) 

{(5 x, T a:') | (x, x') £ fti} 1 1— (5, T) 

for AeK-{0},S,Te DRB liA (( V )}, (5 ^ e A T ^ e) and fti £ Bu 
(R35) 

{(5i-T + S,T)}||— (5* • S,T) 

forAelN-fO},^ G DRB 1;1 (( Vq }}, 5i ^ e, (5 1; 5) G DRB 1>X+1 ((V Q )),T 
DRB ltX {( V Q }}, 
(R36) 

{(5,5')} | h- (S-T,S'-T) 

for 5, A G IN - {0}, 5, 5' G DRB M « V »,T £ DRB 4 . A « 7 )), 
(R37) 

{(Ti,.,^) | 1 < i < || — (S -T,S -T') 
for 5, A G IN — {0}, 5 G DRB li( s({ V )),T,T G DRB M (( Vo )), 
We then define | — B? by : for every P G P/^a), ^4 G .A3, 

f h S3 ^F Ih" Ba ° I K 33,34° Ih" B3 {^}- 

where 1 1 — 33.34 is now the relation defined by i?33, i?34 only. 

As I — Ba C I — g2 , _ff 3 = if 2 1 it is clear that #3 is a deduction system. 

Completeness 

Let us call C3 the intersection of set of the rules of C whith the set of rules of B3 
(it is also equal to the set of instances of J231, R32, i?33, i?35, i?36, R37). Let us 
call now P £ Vf(Az) a C%- self-generatin g se t iff it fulfills definition |109| and a 



self-generating set iff it fulfills definition 109 but where C2 is replaced by C3. 



Remark 1012 

1-This notion of "self-generating set ( of pairs)" is a straightforward adaptation 
to our d-space of vectors of the notion of "self-proving set of pairs " defined in 



I Cou83l , p. 162] for the magma M(F U 3>, V) . 



2-The notion of "self-bisimulation" (introduced in ^auQL] and also used in 



[HS91.HJM94I) was also such an adaptation, but in the context of a monoid- 
structure. The notion we use in this work can be seen, as well, as a generalisa- 
tion of this notion of self-bisimulation: when every class inVg/ ' has just one 
element, the only "rational deterministic boolean series" over Vo are the words; 
in this case the self-bisimulations are exactly the self-generating sets. 



Lemma 1013 Let A £ A3. Then H^{A) = 00 iff there exists a finite self- 
generating set P C A3 such that A £ P. 



Proof: Owing to metarules R33 and R34, every self-generating set is a £>3-proof. 



Let A £ A3 such that Hz{A) = 00. By lemma 1010, there exists some C2-SCI1- 
generating set P such that A & P. 
Let us consider Q = {p e (B) | B £ P}. 

One can check that, p e maps the set of rules of C2 is into the set of rules of C3. 
One can also check that p e and are commuting (i.e. p e (S © u) = p e (S) it). 
Hence Q is such that, for every (S,S') £ Q, 

1. either S = S' = e 

2. or 3-Rx 6 Bi(S,S') 1 \/(x,x') G fti,Q 1 1— c 3 (5 a;, S" x'). 
i.e. Q is self-generating. □ 

Theorem 1014 ; B3 is a complete deduction system. 



Proof: Lemma 1013 implies the completeness property. □ 
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ANNEX 



Let us sketch here a proof of theorem p5| . 

Lemma 1015 Let r = (Jo, vo) be the computation 1-graph (C(A4), vm) of some 
normalized pushdown automaton M. Then r is equational and has finite out- 
degree. 

Proof: Let M. —< X, Z, Q, 5, qo, zq, F > be a normalized pda. Let us consider a 
new letter e ^ X and build the real-time pda M e =< lU{e}, Z, Q, 5 e , q , z , F > 
obtained by setting that, for every x £ X and q £ Q, z £ Z: 

5 e (qz, x) = 5(qz, x); 5 e (qz, e) = S(qz, e). 

By ]MS85 , theorem 2.6 p. 62], the computation-graph C(A4 e ) is context-free and 



m 
EE 



by ]Bau92 , theorem 6.3 p. 187] every context-free graph is equational. Hence 
C(A4 e ) is equational. Let us remark that C(A4) is obtained from this graph just 
by contracting all the edges labelled by e. Let us contract the edges labelled by e 
in some system of equations S e defining C(A4 e ): we obtain a system of equations 
S defining C(M). □ 



We use now the notation of | Cou90b . Given a system of graph equations S =< 
Ui = Hi] i e [1,ti] >, by G(S, Ui) we denote the i-th component of the canonical 
solution of S. 

Definition 1016 Let S —< Ui — i £ [1, n] > be a system of graph equations. 
Lt is said standard iff it fulfills the conditions 

(1) for every i £ [l,fi] and every distinct integers k,£ £ [l,r(_ffi)] 7 the sources 
src(Hi,k), src{Hi,t) are distinct vertices of Hi, 

(2) for every i £ [l,n] and every hyperedge h of Hi which is labelled by some 
unknown, all the vertices of h are distinct, 

(3) for every i £ [l,n],k £ [1,t(uj)], A £ IN, if there exist X edges going out of 
src{Q{S,Ui),k), inside the graph Q(S,Ui) then there exists also X edges going out 
of src(Hi, k), inside the graph Hi. 



Lemma 1017 Let S =< Ui = Hi,i £ [l,n] > be a system of graph equations 
where the unknown U\ has type 1. One can compute from S a standard system 
of graph equations S' =< u[ = H[;i £ [1,71'] > such that the canonical solution 
of S' has a first component Q{S' ', u[) = G(S, u\). 

Proof: From S one can construct a first system S\ which generates the same 
first component Q(S\, u\) — Q(S,ui) and such that restrictions (1)(2) of the 



lemma are fulfilled: this follows from [Cou90b, proposition 2.10 p. 209], (notice 



that the condition "separated" in this reference is exactly the conjunction (1)A 
(2))- 

Let 5*i =< Vi — Ki,i £ [l,m] >. Let us replace every right-hand side Ki by a 
finite hypergraph Li obtained by unfolding the graph Ki, according to the rules 
Vj — * Kj , as many times as necessary in order that every source src(Ki , k) gets 



as many outgoing edges in Li as in the "complete unfolded graph" Q(S\,Vi). 
The new system S' =< Vi = L^i G [l,m] > still fulfills conditions (1)(2), it 
fulfills also condition (3) and for every i G [l,m], Q(S\,Vi) = G(S',Vi). Hence S' 
satisfies the conclusion of the lemma. □ 

Lemma 1018 Let L = (-Tc^o) be a rooted 1-graph over X which is the first 
component of the canonical solution of some standard system of graph equations 
. Then, L is isomorphic to the computation 1-graph (C(M),vm) of some nor- 
malized pushdown automaton M. 

Sketch of proof: Let S =< m = Hi,i G [l,n] > be a satandard system of 
graph equations such that L = G{S,U\). 

Let us define M =< X,Z,Q,S,q a ,z a ,F > as follows. In every right-hand side 
Hi we number bijectively all the unknown hyperedges: {h\^, . . . , hjj, . . . , h ni i} 
and all the vertices . . . ,%», ■ • ■ ,VN it i}- We note (3(j,i) = label(hij). 

Z = {[j, i] | 1 < * < n, 1 < j < m} U {[1, 0]}. 

(We extend (5 by defining [3(1, 0) = 1). 

Intuitively every symbol [j, i] describes the situation of a vertex which belongs 
to a component which has been glued on the j-th unknown hyperedge of Hi. 
Let Q — [1, N] where N is the maximum number of vertices in the graphs Hi. 
Intuitively, the transitions of M starting from a mode q[j, i] describe the edges 
starting from the q-th vertex of Hp^^y Let us define precisely the transitions 
starting from a mode g[jr, i] : 

case 1: q is strictly larger than the number of vertices of Hptj ti y 

Then there is no transition starting from q\j, i]. 

case 2: vertex number q of Hp^ ^ is a source of ifgy,,) and i ^ 0. 

Then 

q\j,i] q', 

where q' is the number of the vertex of Hi on which it is glued (it is some vertex 
of hj.i). 

case 3: vertex number q of Hp^j ^ is not a source of -f^/3(j,i) or i = 0. 
internal edges: 

For every edge {v q ,0(j,i),x, v q ',^(j,i)), we add the transition 

q\j,i] q'\j,i]- 

external edges: 

Let k = f3(j,i).For every I such that v q ,i3(j,i) is a vertex of hi t k and every edge 
{v r ,i3(£,k),x,v q ,^^ k) ) where the vertex v r ^ k) of H^ k) is glued on the vertex 
v q,l3{j,i) ^ * ne rewriting rule w^^fe) — > Hp^ ^, we add the transition: 

q[j,i] J ^q%k]\j,i}. 
The starting configuration is 1[1,0] (i.c q = l,z = [1,0]). 

This pda is normalized (this is easy to check) and has a computation graph 



whose isomorphism-class is exactly Q(S,u%) (this would be much more tedious 
to prove formally). □ 

Theorem E9 clearly follows from these three lemmas. 
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